II1. Formulating Models for Structured Populations

J.AJ. Metz & O. Diekmann

1. Introduction: six examples for later use

By now the examples from chapter I and/or the subsequent theoretical elaboration in chapter II should have given
you a taste for structured population models. In this chapter we shall develop a do-it-yourself kit enabling you to
build models incorporating various amounts of biological detail.

We start in this section by introducing six examples that will be used throughout the chapter to illustrate various
complications of the modelling process. In the next section we shall expose some of our modelling philosophy and in
Section 3 the mathematical formalism for dealing with “mass” balance at the population level will be explicated in
detail. Section 4 deals with some alternative parametrizations of the individual and population state spaces and sec-
tions 5 and 6 treat various kinds of limit arguments which may be used to simplify the model formulation. Finally
appendix A contains a short refresher of vector notation and calculus in R" written to assist readers with a mainly
biological background, appendix B considers the extension of the formalism necessary to deal with stochastic com-
ponents in the continuous i-state movement, a subject otherwise outside the scope of these notes, and appendix C

gives the complete p-equations of the six examples introduced in this section (and with that the answers to most of the
exercises in this chapter).

ExAMPLE 1.1. The invertebrate functional response continued

This example has already been introduced in 1.2. There we made the simplifying assumption that pursuit and eating
durations could safely be neglected. If we wish to take account of these durations we need a more complicated i-state
space than the one spanned by satiation alone. Here we shall give a verbal account of how such a state space may be
constructed. Later in this chapter we shall derive the corresponding p-equations. A more detailed discussion of the
biological rationale for our assumptions as well .as various extensions may be found in Metz & van Batenburg
(1985a,b).

We start asssuming that for a searching predator the rate of search, go, depends only on its satiation, and that the rate
of decrease of satiation, — f, depends only on that satiation itself as fo(s) = —as. Accordingly for a searching pre-
dator its satiation still is a sufficient state description.

When a prey is sighted our predator starts pursuing. We shall assume here that the future course of the pursuit
depends only on the distance which still remains between predator and prey. Moreover we assume that 1) this distance
shortens at a constant speed, 2) prey escape, by flying away, at a constant rate p, and 3) the distance at which pursuit
is started depends only on the predator’s satiation at that time (remember: the width of the search field depended on
satiation). Accordingly for a pursning predator the pair satiation cum distance-to-prey suffices as a state description.
When the predator arrives within a sufficient distance of its prey it strikes. We shall assume that the probability that
this strike is successful is a constant g. A successful strike ends with a transition to eating. Otherwise the prey
escapes and the predator starts searching again.

For the sake of the exposition we shall assume here that our predator eats at a constant speed, that a prey item is
eaten in toto and that prey size also is constant. Accordingly remaining meal size and satiation together suffice as a
state description for an eating predator.

To complete our model description we still have to prescribe the dynamics of the satiation during pursuit and eating.
For pursuing predators we shall assume that satiation decreases at the same rate as during search. For eating preda-
tors we shall assume that satiation rises as f; = fo + u, where » denotes the rate of ingestion.

A point in favour of the state space described above is that the state variables all have an immediate physical interpre-
tation allowing a direct simultaneous measurement, at least in principle. Such a type of model formulation should
generally be preferred as it makes it relatively easy to extend the model to different experimental circumstances. How-
ever, the state space itself has a rather odd appearance. It consists of three unconnected pieces, the predator jumping
from one piece to the other in the course of the predation process. In general this is exactly how it is. However, the
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simplifying assumptions made above were made with the specific purpose in mind of arriving at a state space allowing
an easier visualisation. For, using these assumptions, we can transform the dimensions of both additional state vari-
ables to time by dividing the first one by the speed of pursuit after subtracting the strike distance and by dividing the
second one by the speed of eating. The resulting two state variables then can be combined by simple addition into
one new state variable: maximum time still to be spent handling a prey. This new state variable we shall call . For
searching predators we shall put r = 0. The predator’s i-state space then is contained in the product of the s- and 7-
axes.

For practical calculations it is important that we delimit ourselves to the reachable states only. The resulting i-state
space & for Holling’s mantid is depicted in figure 1.1, together with some segments of possible trajectories representing
various behaviour sequences that may occur after a prey has entered the predator’s search field. Boundary segment (2)
is given by 7 = 7,(s),i.e. the maximum time that handling a prey sighted at satiation s may take. Boundary seg-
ments (1) and (4) both satisfy ds /dt = —as + u.
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Figure 1.1: The individual state space, &, for Holling’s mantid. In the state space some segments of trajectories are dep-
icted showing the various possible events that may happen after the sighting of a prey. The starting points of
the segments on the s-axis are arbitrary. The upper segment corresponds to a successful prey capturing
sequence. In the second segment the strike is unsuccessful and in the third segment the prey escapes during
pursuit. The segments of the boundary of £ are numbered for later reference. From Metz & van Batenburg
(1985a).

EXAMPLE 1.2: Size dependent reproduction in ectothermic animals, continued

This example has already been introduced in 1.3. The only addition which we shall make in this chapter is that we
shall relax the assumption that the death rate is constant.

Under laboratory conditions the death rate of Daphnids does not seem to depend on size except that large animals
may die from starvation if feeding levels are suddenly and strongly reduced. However there is a pronounced depen-
dence on age. The maximum age Daphnia magna may reach is about 70 days. Moreover there has sometimes been
observed an increased death rate already considerably prior to this age. In Diekmann et al (1984) the following death
rates have been proposed

Yo a<apmax
Mha) =1 a>ap, (¢BY)

or
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wla) = pg + PWa) with Ya) = (@max—a)~" (1.2)

The reachable i-state space § for this example is depicted in figure 1.2 (see also exercise 1.3).
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Figure 1.2. The reachable i-state space of the Daphnia model

Exercisk 1.3: Prove that also for death rate (1.2) animals never reach an age higher than an,,. What happens if we

replace Y(a) by €/ (amax —a) and let € go to zero? Hint: The answer to the last question is given at the end of section
5.2

EXAMPLE 1.4: Reproduction by binary fission, continued

Just as in the previous example we may also have to introduce age as an additional state variable in the binary fission
model from 1.4. One reason may be that cells can only divide after sufficient time has elapsed to duplicate their
DNA, independent of their size. The state space then again is a subset of the age size plane.

EXERCISE 1.5: Assuming that cells only can divide after they have reached a certain age ao construct the subset of the
age size plane that is reachable by newborn cells starting life at all possible sizes x>0. Assume that there are no
further restrictions on division age or division size and that the division rate 5(a,x)<bpx <00, and assume that cell
growth rate ¥ depends only on cell size and that

0<V i S V()< V< 0.

Which region of the age size plane can be reached by their first generation descendants, their second generation des-
cendants etc? What, therefore, does the reachable state space Q for naturally occurring cells look like?

Hints: First assume that ¥(x) = V¥, to get the feel of the problem. The answers to this exercise can be found in
chapter V.

EXAMPLE 1.6: Colony size distribution in the diatom Asterionella.

Asterionella is a planctonic diatom which occurs in small star-shaped colonies. These colonies generally have sizes
which are powers of two. The probable mechanism behind this phenomenon is that cells within one colony divide
synchronously, two daughter cells staying linked by an (inanimate) bond, thereby doubling colony size, and that
colonies break into equal parts as a result of the progressive weakening of the bonds over time.

In natural populations colony size distribution varies considerably. This probably is related to the growth rate of the
population: when interdivision times are short e.g. as a result of better nutritional conditions, colony size will tend to
be larger. The question therefore is how colony size distribution relates to the distribution of the interdivision times
and hence to population growth rate.

The previous discussion makes clear that at least the ages of the various bonds should be among the state variables
characterizing a colony. (Of course we could use other quantities, like bond strength, which are monotonically related
to bond age, but doing so would force us to make additional assumptions, unbacked by any data, without affecting
our predictions at the population level) For instance in a colony of size 2 there is one oldest bond of age a3, two
bonds of age a,<<a; and four bonds of age @;<<a,. To keep things as simple as possible we shall assume that cell
division is also (cell) age dependent. We do not need a separate state variable representing cell age, however, as this
equals the age of the youngest bond a;, except in colonies of size 2° ie single cells. Our i-state space therefore

o0
corresponds to a (subset of) R* UkL_Jl (R*)¥, where R™ denotes the non-negative half axis. If bonds break at exactly

age A and there is no lower bound to the age at division the reachable i-state space @ equals
0
{aold <ao}U gl((al,..,an) [0<a < -+ - <a,<A4}.

EXERCISE 1.7: What does £ look like when bonds may break at any age but always all bonds older than a certain age
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break together? How does it change  if we assume that there is a minimal age D before division can occur?

REMARK 1.8: To ensure convergence to a stable colony size distribution we shall have to assume some spread in the
ages at which cell division occurs (see exercise 1.9 and the treatment of the Asterionella problem in IV.3.2). However,
from a strict mechanistic point of view this assumption is incompatible with the assumption of perfect synchrony of
division: the assumption that cell age is the sole determinant of division implies the independence of the separate cells
within a colony. The explanation for this seeming inconsistency is that age is only a convenient but rather artificial
state variable, which need not even be related in a one to one manner to the “real” i-state process. One may think for
example that in reality division is contingent upon the accumulation of sufficient energy or nutrients, like in the size
based model from 1.4, except that the division threshold should be asssumed to be a fixed quantity to ensure the
independence of mothers and daughters. If colonies are swept through regions with different light intensities or
nutrient availabilities by turbulent water movement then the microscopic differences in environmental histories of the
various colonies will give rise to a stochastic appearance of the i-state processes of representative cells of separate
colonies but cells within one colony develop in exactly the same manner. (A prediction from our mechanistic picture
would be that in those cases where colonies have distinct “outer” cells (as in colonies of size four) these outer cells
should start dividing slightly earlier. This indeed has been observed). In the age type description we simply take
account of the apparent distribution of the ages at which division occurs, without bothering about the detailed gen-
erating mechanism. (A further discussion of the strengths and weaknesses of age based models may be found in
chapter IV.)

ExerCISE 1.9: Give an explicit expression for the age distribution n(z,a) for a cell population in which all cells exactly
on reaching age one divide into two daughters of age zero. Assume that there are no cell deaths. Call the initial age
distribution n(0,a) = ng(a). Does n(t,a) converge to a stable age distribution? Also given an expression for the rate
b(z) at which new cells are born into the population.

Example 1.10 The prey-predator-patch (PPP) problem

In the first three examples the individuals were indeed individuals in the biological sense. In the last example we no
longer dealt with individuals in the strict sense, but the state parametrization still was in terms of individual proper-
ties. In this example we shall go still one step further: our individuals will be patches and the i-state variables will be
population sizes.
Often prey occur in local patches, e.g. spider mite colonies on single or a few leaves (see the contribution by Sabelis in
part B of this volume). Such prey patches are started by a single inseminated foundress. Pure prey patches end their
existence as a result of the local exhaustion of resources and the concomitant emigration of the prey, or the arrival of
a predator. Till that time the local prey population grows about exponentially to a first approximation. Within a prey
patch a predator almost need not search for prey so its predation rate may to a first approximation be assumed to be
constant. By the same argument a local predator population will grow approximately exponentially till either all prey
are consumed or the prey patch ceases its existence due to resource exhaustion, followed by emigration of the remain-
ing prey and the predators.
If we temporarily forget about the resource availability, our previous arguments imply that a (potential) patch is
characterized by two state variables taking values in R*: size of prey population x and size of predator population y.
The deterministic i-state movement is given by

% =ax—fy,
These equations hold for empty patches (x =y = 0), pure prey patches (x>0, y = 0) as well as for predator
patches (x>0, y>0).
The previous description still leaves open the question how empty patches transform into prey patches and prey
patches into predator patches: (1.3) leaves the origin as well as the x-axis invariant. We shall assume that these transi-
tions are brought about by the random arrival of immigrants recruted from the prey leaving exhausted patches and the
predators leaving empty prey patches. However, we are still in for some trouble. When a prey foundress arrives in an
empty patch, into what does this patch transform? Our deterministic differential equation models for the local popu-
lations in essence are but limits of stochastic models dealing with integer numbers of individuals, the limit being taken
by concentrating on densities and letting both the numbers of individuals and the area involved go to infinity. So
within the deterministic framework we cannot properly account for the arrival of a single individual having noticeable
effects in a finite time. Apparently we run into an incompatibility of our simplifying assumptions! In a biologically
consistent model we have to assume that we are dealing with finite numbers of individuals all the time and we have to
forsake (1.3) for a much more complicated stochastic model for the behaviour of the i-state. Such a model will cer-
tainly be intractable. Therefore we shall make a compromise and assume that the arrival of a prey foundress in an
empty patch simply sets x equal to one (or ¢ if you like) and also that the arrival of a predator in a prey patch sets y
equal to one, but that from then on (1.3) applies again.

= . 13)
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In our discussion of the patch state we still left the resources out of the consideration. If each patch starts with a
fixed amount of resources which are consumed at a rate proportional to the prey density we have

g _
dt

So if no predator arrives a prey patch is exhausted when it has reached age a,, defined by

—8x (1.4)

aq,

ay,
rg =8 fx(a)da =98 [e""da = 8a” ("~ 1),
0 0

where rq is the amount of resource available in as yet unexploited patches. But the age of a pure prey patch and the
prey density in it are monotonically related as a = @~ 'og(x). Therefore a patch is exhausted when x reaches the
value

X = arg/8 + 1 (15)

In the same manner we can calculate a boundary line in the (x,y) plane corresponding to the resource exhaustion of
the predator patches. For each point in the (x,y) plane corresponds to a unique previous history of prey population
size within that patch. So we do not need r as an additional state variable: all the necessary information about the
dynamics of » can be expressed in terms of x and y.

REMARK 1.11: An easier way to derive (1.5) derives from the observation that

L y2E o ry=r, xO =1 (1)
and therefore for all a<a,,
r@@ + (8/a)x(@a) =rg + (8/a), (1.7)

which combined with the fact that r(a,,) = 0 gives (1.5) again.

ExeRrcisE 1.12: Calculate the resource exhaustion boundary and draw Q. (Assume that a predator patch is left by the
predator as soon as the prey population size drops below one, but not earlier.)
Hint: Extend the method used in the previous remark.

EXAMPLE 1.13: Deterministic binary fission combined with stochastic individual growth.

This example is analogous to the cell kinetics example treated in 1.4, except that now we assume that (i) cells divide
into two exactly equal parts as soon as they reach size x, and that (iia) cell growth is stochastic and, of course, (iib)
continuous. (Some motivation for these assumptions has already been provided in remark 1.8). Assumptions (iia) and
(iib) together imply that cell size follows a stochastic process of the diffusion type (see e.g. Goel & Richter-Dyn (1974)
or Karlin & Taylor (1981)), which also allows cell size to decrease. Therefore we need some assumption to prevent
cells from becoming too small. The assumption which we shall make here is that cells die on reaching size
X0 (x [} <';_)C 1 )

In these notes we intend to concentrate on models in which the continuous i-state movements are wholy deterministic.
The main role of this example, now and in the future, is to complete the list of possible structural elements and to
remind us of the implied unexplored possibilities.

The previous discussion concentrated on the i-state process and the reachable i-state space Q. Before going on to
the next section a few words are needed still about the corresponding p-states. In all cases this is a distribution over £,

but for the purpose of writing down the p-equation it is often necessary to decompose this distribution into a number
of separate components corresponding to the components of .

In examples 1.4 and 1.13, reproduction by binary fission, & is a simply connected subset of (R )* so there is no
need to decompose the p-state. In example 1.10, the PPP problem, © consists of three separate sets corresponding to
respectively the empty patches, the prey patches and the predator patches. Since these sets have different dimensions
the same applies to the distribution living on them. If n = (ng, ny, n,) where no corresponds to the empty patches,
ny to the prey patches and r, to the predator patches, then no has dimension number of patches (per unit of area, but
we shall omit this qualification from now on) n; number of patches per unit of prey density, and n, number of
patches per unit of prey density per unit of predator density.

In example 1.1, the invertebrate functional respomse, the p-state also has to be decomposed on dimensional
grounds into a component ng, corresponding to the searching predators and a component n; corresponding to the
predators pursuing or eating prey. Moreover n; makes a sharp jump at the line 7 = 7, due to the missed strikes. So
the p-state process can satisfy a partial differential equation only away from this line.
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) In e;amtgle 1.6, colony size distribution in Asterionella, @ consists of infinitely many parts with different dimen-
sions. 5o the p-state has to be decomposed into infinitely many components 7 = (1) i
Sizes 2.1 = 0.1 var y y ponents n = (n;)/%¢ corresponding to colony

Finally in example 1.2, size dependent growth in ectotherms, © is a simply connected subset of (R*)* as in exam-
ple 1.4 (reproduction by binary fission). Yet this example has one peculiarity which sets it apart from all other exam-
ples discussed in this section: There is no possible mechanism of dispersion of one cohort. All animals are born at the
same size and all animals of the same age share the same feeding history, so their size has remained the same. As a
result the p-state is no longer a frequency distribution over the full i-state space. Instead it is concentrated on some,
continually changing, curve in the age-length plane. This fact that the p-state necessarily has only a one-dimensional
support thwarts our attempt to describe the p-state process by a partial differential equation in the usual manner. In
section 4.3 we shall therefore develop an alternative formalism in which the p-state is described in terms of the age-
distribution together with the prevalent age-length relation.

2. Some modelling philosophy

In the previous examples the key concept was that of state, of individuals as well as of populations. The reason is that
in these notes we wish to stress the mechanistic approach to modelling as opposed to the facile introduction of equa-
tions which may look attractive but lack a detailed biological underpinning. Formulating one’s model in state space

form, usually is a healthy way to bring out one’s conception of the physical or biological mechanism one is trying to
represent.

In this section we shall give a heuristic introduction to the mathematics of the state concept. We start in the first
subsection with, heuristically phrased, definitions of the three allied concepts of state, next state transformation and
output map, which are sufficiently general to encompass both varying environments and stochastic behaviour. The
terminology in this subsection will be mainly that of the individual but with appropriate modifications everything we
say applies to the population level as well. In the next subsection we consider the problem of obtaining state space
models capturing the relevant aspects of i-behaviour. In the final subsection we shall argue why structured population
models as defined in these notes, i.e. models in which the p-state is a distribution over an i-state space, are the inevit-

able outcome of a program in which one whishes to explain population dynamics in terms of mechanisms on the indi-
vidual level.

2.1. The state concept

Throughout this book we concentrate on short term causal, as opposed to evolutionary, questions. The main purpose
of our modelling effort then is to find such a description of an empirical system, be it an individual or a population,
that its future behaviour can be predicted in terms of its initial “preparation” and the intervening environmental con-
ditions. Here behaviour is everything that is of interest to us and that can be measured at least in principle. In the
case of populations this may be e.g. numbers or total biomass, in the case of individuals reactions to a prey item, the
acts of giving birth or dying, or weight, depending on the needs of the encompassing population model.

We shall start our discussion on the assumption that exact prediction is possible, at least in principle. Later on we
shall have a look at stochastic models.

A state is such a collection of (hypothetical or empirically measurable) quantities X, that ‘ .
(i) given X(7) and the environmental history (input) between 7 and t + 7, U+, the state at 1+71s determined by

X(@+7) = Ty X(@), .1.1)

where the transformations T, satisfy the semigroup property (see figure 2.1.1; we assume that the ‘set of possible
input functions u is such that the u-segments form a semigroup under the operation “gluing head to tail” (a more for-
mal definition can be found in Metz (1981)), and )

(ii) the behaviour of our system at ¢ (the ousput at 1), is completely determined by the value of X at ¢ and possibly fhc
condition of the environment at the same time. (The relation between state cum environment and corresponding
behaviour is called the output map).
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SYSTEM IN STATE SPACE FORM

X = state, U = input

a function U

Next state map:

X(t+1) =

X(t)

TU[t,t+1)
Semigroup property:

T T

T = , T
U[tZ’tB) U[t],tz) U[tl,tB) Ul t,t)

Often with additional requirements:

(1) 1lim T
40

Ue,een)t =%

(2) TU[t,t+T)X continuous in X

Fig. 2.1.1. The semigroup property. Id denotes the identity mapping.

Examples are (a) individual size in Daphnia, with food density as the input and individual reproduction, dying from
starvation, and possibly feeding rate, as the output (random deaths we still have to leave out of the picture till we are
ready to deal with stochastic models as well), and (b) satiation cum maximum time still to be spent handling prey in
Holling’s mantid, with the (relative) positions of as yet unnoticed prey items as the input, and the catching of a prey
item as the output.

The reason to stress a formalism which is sufficiently rich to account for a possibly varying input, is that this
enables us to construct models by combining separately constructed building blocks. On the level of the individual
one individual’s behaviour may be made a component of its own or another individual’s input, on the level of the
population the population output like total reproduction, total feeding rate or total search rate, may act as a
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component of the input of the same or another population,
of the interface between the individual and population lev:
constant our formalism reduces to that of the one-

like that of its prey or its predators. (A detailed discussion
els will be deferred to subsection 2.3.) When the input is

: X parameter semigroups of next state transformations dealt with in the
previous two chapters (with the parameter 1 the length of the input segment). Some further specialized terminology

for autonomous systems may be found in chapter VL. As it is usually next to impossible to reach any interesting con-

clusions about the behaviour of non-autonomous population systems we shall generally strive to end up with popula-
tion models in which the subsystems are coupled in such a way that there are not any “loose ends™ at the input side.

In general it is very difficult to calculate the operators T, explicitly as all kinds of processes interact in deter-
mining the movement of the state X. However, usually these interactions occur only through the changing of the state
itself. In that case the contributions of the various processes can be considered separately if 7 is infinitesimally small
(and if condition (1) from figure 2.1.1 is fulfilled). Moreover, often for infinitesimally small  the total change in X is
proportional to 7. (Here we assume implicitly that the state space has a vector (Banach) space structure at least
locally; see chapter I1.) In that case we can write

d

gt—X =4,X, (21.2)
where 4, is some operator still depending on the current value of the input v = u(s). The family of operators 4, is
called the differential generator of the transformation semigroup {Tujeu+n ). It is the differential generators which are

our main modelling tool: coupling of subsystems generally is done in terms of differential generators, as is the step
from the individual to the population level.

ExampLE 2.1.1: In our original Daphnia example from 1.3 we assumed that the weight w of an individual changed as a
result of two processes, ingestion and basal metabolism. This eventually led to the i-differential equation”

-‘%— = 7 Ykrflx)w?/P =tw)* . (2.1.3)

In two animals of the same age the one which has been kept under richer circumstances will have a higher ingestion
rate as well as basal metabolism, but this is only due to it being larger; the feeding history is assumed not 1o have any
other direct or indirect effects on present ingestion rate or metabolism.

For the Daphnia population we obtained in 1.3.2 the p-differential equation

—aa—': = ___@g%ﬂ —pun for l<7(x), (2.142)

n=0 forl>Ix),
L

g ln@tl) = [ Mx,Dn@,hdl (2.1.4b)
1

showing that in our model formulation x as a function of 7 may act as an input both on the individual amj on the
population level. At a later modelling stage in 1.3.5 x was treated as being coupled dynamically to the Daphnia popu-
lation again.

REMARKS 2.1.2: (i) Equation (2.1.4) contains a side condition relating the value of the.i-state distribution a.t the b0u~n_,
dary of © to its values in the interior (equation 2.1.4b)). An operator, like any map, is dcﬁned. l?y (a) telling what its
domain is and (b) giving a recipe telling how it acts on the elements of its domain. Side .condl‘tlons fom part (_3f the
definition of the domain. Their occurrence in the definition of a differential generator 4, is typical for infinite dimen-
o e e e, i lways linear. Any nonlinearities
(ii) The p-differential generators of the elementary structured populat‘lon mode1§ are always linear. )h e
are always due to feedbacks through the inanimate or animate environment, i.e. to the coupling of t e poptf :ahmn
input to its or another population’s output. Making this explicit is another advantage of our modular approach to
?;?)dgez\;f:;];g'the basis for arriving at some prospective differential generato'r A, is entirely heuristic. ’ljherc?f;);;;t is
not a priori clear whether indeed a unique semigroup correspondirfg to 4, cxxsts.i We may for exa'mple hav?t: < 5:1
incompatible, or forgotten an essential side condition. Proving existence and uniqueness can be ji del:p ma‘ rex::& el
problem, especially in the nonlinear case (see chapter VI for an example and some rszferences). 0\:4:&; ;‘d e
chapter we shall put ourselves in the shoes of the biologist and proceed on the assumption that generato

group are well-defined and uniquely related.

» Throughout this chapter we shall follow the notational convention, that arguments of functions will be suppressed
when not explicitly needed.
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The definition of the state concept for the stochastic case is exactly analogous to that for the deterministic one
except that all the maps involved may be stochastic. As there are some technical difficulties in treating the problem of
how to define output maps in full generality, we shall first concentrate on the next state maps. The counterpart of
(2.1.1) now is the assumption that for every given present state X(z) and input segment uy, 1, We are given a so-called
transition probability distribution for the resulting state X(z+7). In this view the probability distribution for X(¢) plays
a tole which is exactly analogous to the p-state, and the transitions probabilities form a semigroup allowing a
differential generator in the same manner as we are already used to.

ExampLE 2.1.3: If in our mantid model from 1.2 or example 1.1 we assume that prey arrive at a rate proportional to
their density and proportional to the width of the mantid’s search field, we arrive at a stochastic model for an indivi-
dual predator’s behaviour which has prey density instead of prey positions as an input. If we normalize p from 1.2
such that its integral over s equals one it may be interpreted as probability density of an individual predator’s satia-
tion, and formula (1.2.5.5) shows us the differential generator of the transition probabilities (also compare exercise
1.2.2.2). The deterministic p-equation as studied in these notes is in this case a direct shadow of the equation applying
to the state-transition probability density of individuals, obtained by applying the law of large numbers to a popula-
tion of independently operating predators.

Generalizing the concept of output map to the stochastic case is a bit more complicated than generalizing that of
next state map. First of all there are good reasons to allow the present output to depend not only on the present state
and environmental condition as in the deterministic case, but also on the state transition that is presently occurring.
For example, in the mantid model from 1.2, with handling times neglected, catches were coincident with state jumps.

REMARK 2.1.4: For models in which all state transitions are deterministic it does not make a difference whether we
allow the output to depend on the transitions as opposed to on the state only. For models in which all stochastic
transitions are of the jump type the only additional sorts of outputs allowed are coupled to the jumps. The additional
possibilities for models with stochastic continuous i-state movements are pretty scary. However, in a population

dynamical context we only need to consider pure state dependent outputs and outputs which are coupled to jump
transitions.

The second point is that we have to allow the output map to be stochastic. Why will become clear in a few lines when
we have discussed how this statement should be interpreted. Consider for the time being a hypothetical situation in
which both environment and state stay constant for a while. If we allow at each time point one of a number of possi-
ble output values to be chosen randomly, our animal would switch its behaviour infinitely often in any small time
interval, unless we assume that the output map is such that one particular output value is chosen with probability one.
Yet, as each time interval infinitely many choices are made, this assumption does not preclude the occurrence of other
possible output values as long as these occurrences are point events having zero duration. These point events neces-
sarily occur totally at random, or, in the language of probability theory, in independent Poisson processes, the concept
of probability of occurrence of an output value (or range of output values) being taken over by that of the rate of the
corresponding Poisson process. (where rate in this case may be defined as the mean number of occurrences per unit of
time). Now assume that state and environment vary over time. This means that the rates of the Poisson processes
start to vary as well, in a manner which deterministically depends on the state cum environment. This then is the con-
cept of “stochastic output map” we need. An example is provided by the idea of an age dependent birth rate, the
births themselves being modelled as randomly occurring point events. (Ask yourself what state space we would need in
this case if we only allowed deterministic output maps!)

Having indicated the two main extensions of the concept of output map to the case of stochastic systems we leave
it as an exercise to work out the various possible, and often mindboggling, combinations.

2.2. Obtaining an i-state representation

We shall confine ourselves here to i-state spaces which consist of subsets of R¥,k = 0,1,2, - - - as these are the only
ones playing a role in these notes. We shall indicate the i-state as X.

The easiest case, experimentally as well as conceptually, occurs when X wholly consists of physiological or physical
quantities allowing direct measurement at least in principle. Examples are weight, amount of a toxic chemical present
in the individual, fat reserves, gut content, efc. X is then uniquely determined, at least in principle and it is usually
rather simple to write down a differential generator for it on the basis of its interpretation. Similarly it is not difficult
to specify the value of X at the moment of birth or after a state jump. For practical reasons we should choose as



87

simple an i-state representation as possible, i.e. we should identify states which do lead to the same behaviour now
and in the future (minimal dimension of the i-state space) and we should confine the attention to those states that can
be reached during the population situations that have our interest (the reachable i-state space £), but that is all there
is to it. Here behaviour again means everything that is population dynamically relevant like giving birth, dying, cap-
turing prey, etc.

Life becomes more complicated if on the individual level we have only input-output data at our disposal like the
observed moments of molting or egglaying as a function of the temperature regime, or the observed reactions to prey
items as a function of the feeding history. In that case we have to dream up an i-state representation satisfying our
requirements (i.e. (i) and (i) from the previous subsection). Examples of state variables of an input-output prove-
nance are physiological age, degree of developmental commitment, satiation (as opposed to the physiological variable
gut content with which it is frequently and uncritically identified; see e.g. Doucet & van Straalen (1980)) etc.. If our
individuals are totally deterministic and if we can do all input-output experiments that we want, then systems theorists
have proved that under very general conditions it is possible to construct a state space representation generating those
input-output data and that moreover all minimal state space representations that do the same job are equal up to a
choice of parametrization (see e.g. Metz (1977, 1981) for a review). Minimal here means again that there are no
behaviourally indistinguishable states, and that all states can be reached given suitable inputs. However in practice the
number of experiments necessary to reach uniqueness is forbidding except in the simplest cases. Therefore we have to
satisfy ourselves with educated guesses. Moreover, there is the problem of extending our model to environmental cir-
cumstances not subsumed under the original experiments.

It should be remarked that “deterministic” refers here to the “internal” determinism of the individual machinery.
The total i-state process may well be stochastic due to stochastic but i-experimentally observable inputs. Holling’s
mantid again provides an example. The mantid itself is totally deterministic; all stochastic events can be ascribed to
prey behaviour, which can be considered an input quantity as far as the construction of the i-model is concerned.

The uniqueness theorem no longer holds when the i-process is stochastic “internally”. This means that it is possi-
ble to construct two models which assume a totally different physiology but still predict exactly the same behaviour.
Therefore in the stochastic case input-output based state space representations do not have the same epistemological
status as those based on exactly reproducible input-output experiments. An example of such a “weak” state space
representation is the use of age to model the change over time of an individual’s birth rate or probability of dying.

ExaMpLE 2.2.1: Under constant circumstances both the stochastic cell growth model from the previous section (exam-
ple 1.13) and the simple Daphnia model from 1.3 each allow equivalent age representations. However in the Daphnia
example there is a one to one correspondence between age and size whereas no such relation exists in the stochastic
individual growth case. Both size dependent model formulations allow rather simple extensions to varying nutritional
conditions, whereas this is not the case for the age dependent models.

REMARK 2.2.2: The stochastic fine structure of individual behaviour is often largely irrelevant to the gross behaviour of
a deterministic structured population model derived from it. This sometimes makes it possible to replace an i-model
by a population dynamical equivalent i~model of a simpler kind. This phenomenon still bears closer study. At
present only scattered examples can be found in the literature, mainly pertaining to age-dependent models. The fol-
lowing example of our own making may illustrate the idea. In chapter IV, on age dependence, we shall consider some
other examples when discussing the relationships between various kinds of equations describing population behaviour.
If we change the stochastic cell growth model from example 1.13 a bit by assuming that an individual divides into
unequal parts the sizes of which bear a constant relation to each other, we may speak of an individual giving birth
each time it hits the division threshold and at the same time falling back in size by a fixed amount. The two popula-
tion dynamically relevant output quantities are being alive (or dying) and giving birth. We shall also assume that the
environment as perceived by the individuals is constant so that their behaviour does not depend on absolute time or
on each other.

Now assume that we do not have our physiologically based model. We then can construct an i-state space representa-
tion on a purely behavioural basis by defining the state of an individual to be the best possible summary of previous
behaviour as far as the prediction of future behaviour is concerned. The state space of this representation is
R* % {0,1}, where the second component tells us whether the individual is nulliparous or that it already has given
birth at least once, and the first component tells us the time since the last event in its life, whether it be being born or
giving birth. Such a model is behaviourally equivalent to our original physiological model. By its very construction
knowing the frequencies of the individuals in the various states of our behaviourally based representation gives us a
prediction of the future population dynamical constributions by these individuals which is the best possible one if we
have nothing else to go by than their externally observable behaviour. (Knowing the frequencies of their sizes would
probably give a, slightly, better prediction.)
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The reason why we did not end up with age, i.e. time since birth, as the only state variable, is that the events of an
individual dying and giving birth are dependent: when an individual has just given birth we know it is not near to the
lower, death, boundary of its physiological state space. Yet, a model in which we use age as the only descriptor of an
individual, while not a genuine model of its behaviour, can do almost as good a population dynamical job as our more
complicated model, given that we match both the probability distribution of the age at death, and the mean rate of
giving birth (conditional on the individual being alive) to those of our other two i-models. The only difference between
the deterministic population models based on the three i-models is that the more detailed models will be better in
predicting births and deaths occurring in the remainder of the founder population. But once this ancestral population
is all gone all three models behave exactly the same as far as births, deaths and total population number are con-
cerned.

In practice most i-state space representations will be based on a mixture of physiological and input-output con-
siderations, the exact procedural details being dependent on the experimental possibilities particular to the case. Good
examples are provided by the work of Kooijman and of Sabelis reported in part B of these notes.

2.3. From the individual to the population level

The pervading theme in these notes (with the possible exception of chapter 1V) is that (i) from a
reductionist/mechanistic point of view the sensible choice for the p-state should take the form of an i-state distribu-
tion, and (i) we wish to formulate our models in terms of p-equations which (iii) should be based, either directly or
indirectly, on the law of mass action. Yet in our presentation up till now the status of (i) to (iii) was to a large extent
that of articles of faith, as the argument presented in 1.1 was at best rather sketchy. In this subsection we intend to
fill in some of the gaps.

The p-state

From a mechanistic viewpoint the purpose of our modelling effort should be the explanation of the behaviour of
populations in terms of the doings of the individuals constituting them. Therefore our models should keep track of
those doings at least to such an extent as is necessary for calculating the population properties in which we are
interested. These properties can for example be numbers of individuals, (or rather densities, i.e. number per unit of
area or volume, see remark 1.1.1 (i) total biomass efc. To simplify the argument we shall from now on assume that
the only properties in which we are interested are total numbers. Individuals therefore only have to be distinguished
insofar they have different prospects of contributing to changes in the numbers of their own kind or of any other
population in which we are interested, either directly, e.g. through catching prey, giving birth, being caught by a pre-
dator or migrating, or indirectly by influencing resource availability etc. This shows that our p-state should at least
contain complete information about the frequency distribution of the i-states. The question is under what conditions
this information is also sufficient.

For the i-state distribution to be sufficient information clearly a first (1) necessary condition is that individuals do
not differ in influences on their behaviour other than through their i-states. Therefore we have to assume that they all
experience the same inputs. This leads us to define a population as a collection of individuals all experiencing the same
circumstances, be it “physical” circumstances like temperature or resource availability, or “biotic” circumstances like
prevailing prey or predator densities. (The mantid example makes clear how we should (re)phrase our i-models such
that they have densities (in the spatial sense) of other individuals as their input. That we have to phrase our i-models
this way is a consequence of condition (2) below.) This means that by definition the environment of the population
and that of the individuals is the same thing, and also that the environmental circumstances are considered as extrane-
ous to the population. They should be generated by some other part of our model or be given a priori, e.g. by telling
that the prey are just the smaller and the predators are just the larger members of the same population, or by giving
the densities of prey and predators as functions of time.

RemARKs 2.3.1: (i) To conform to the usual biological interpretation of population we shall also wish to add to our
definition that the individuals belong to the same “species”, i.e. that any two individuals are equivalent in the sense
that at least one member of the pair is equal in all relevant aspects to a potential descendant of the other member of
the pair.

(ii) If the environmental circumstances cannot be considered the same for all individuals we wish to deal with, then
the total or meta-population should be split into subpopulations, e.g. on the basis of location in space, such that
within each subpopulation the circumstances are comparable. If we characterize individuals with an extended “type”-
label consisting of a “location” label plus an i-state label, we can write down p-equations for the meta-population by
going through exactly the same kind of routines as when writing down an ordinary p-equation.
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(iii) The linearity of our elementary p-equations is due precisely to our equating of population and individual inputs.

A second (2) necessary condition for the i-state distribution to qualify as a p-state is that the population output
can be calculated from it. This is by definition the case for any population properties we set out to explain. However,
it spould also apply to those outputs which we need as inputs for other parts of our model. Therefore the impact of
individuals on their environment, be it physical or biotic, should only be through their “mass action”, i.e. it should be

possible to express this impact in terms of the spatial densities of the individuals in various i-states, without taking
account of the behaviour of the separate individuals as individuals.

Together conditions (1) and (2) are also sufficient for the i-state distribution to qualify as p-state.

REMARK 2.3.2: (i) Biologically (1) and (2) mean that the individuals either do not interact at all, or if they do so, “mix
homogeneously”. This assumption will often apply as a first approximation to animals and also to plants interacting
through a fast mixing chemical environment, but not for example to plants interacting with a small number of fixed
neighbours through mutual shading,

(i) When individuals sometimes temporarily form closely knitted groups but otherwise mix randomly we can still con-

form to (1) and (2) by a suitable redefinition of what we call an individual. An example is provided by the
Asterionella colonies from example 1.6.

Before going on to the next topic, determinism, we still have to voice a warning, Even though a framework in
which the elements are populations which are only coupled through their inputs and outputs in the sense of (1) and
(2) is essentially sound, a too rigorous adherence to it may lead to the impractical consequence that we have to dupli-
cate parts of our p-equations when interactions between individuals cannot be considered point events: For example,
what we called pursuing predators in the invertebrate predator example 1.1 are in fact predator-prey pairs. So the
part of the predator i-state-space that corresponds to pursuit (see fig. 1.1) also appears as part of the prey i-state-
space, and the component of the predator p-state representing the pursuing predators exactly equals the component of
the prey p-state representing pursued prey. Clearly it is more practical to treat the predator-prey pairs locked in pur-
suit as one, new, population in addition to the populations of single prey and predators.

p-equations and determinism

The use of a differential equation as a means of generating population behaviour is independent upon the assump-
tion that our populations behave in a deterministic fashion. Biologically this means that (3) the number of individuals
in the population is sufficiently large that any chance processes on the individual level are ironed out, and (4) all
essential environmental conditions which are not outputs of the p-systems comprising our model are given as deter-
ministic functions of time.

REMARK 2.3.3: (i) In checking (3) for spatially distributed populations as introduced in remark 2.3.1 (i) we have to
distinguish two cases. When the location label is discrete all subpopulations should be sufficiently large. However, in
the case of a continuous location label (like positional coordinates in R?) it is only necessary that large numbers of
individuals are present in the largest areas over which the environmental circumstances do not change overmuch. For
direct biotic interactions depending on relative distances this condition is equivalent to: for all individuals the number
of individuals potentially capable of interacting with them within a short time interval is large.

(ii) In our phrasing of assumptions (1) and (2) we already anticipated on the assumption of determinism, or, more par-
ticularly, on assumption (3). When numbers of individuals are not infinite the behaviour of one population can also
show a dependence on the behaviour of another population, which cannot be captured in terms of a dependence on
the state of that other population only: we have to allow for a dependence on state transitions as well. For example,
in a model for predator-prey interaction dealing with finite numbers of individuals we have to account for the fact that
the capturing of a prey by a predator is exactly coincident with a drop in the prey number. This is a stronger cou-
pling of the two population processes than just a dependence of the dynamics of the prey population on the satiation
distribution of the predators combined with a dependence of the dynamics of that satiation distribution on the prey
density. But in large populations we soon loose sight of this kind of coupling at the level of the microscopic proba-
bilistic structure.

The law of mass action

The “law of mass action” states not only that the rate per unit of area/volume at which a reaction occurs depends on
no more than the spatial densities of the two reactants, but also that this rate is linear in the densities of each of them
(with the understanding that if the two reactants are of the same kind the reaction rate is quadratic in the reactant
density).
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The law of mass action is a direct consequence of the assumptions that (i) two identical reactant individuals have
the same probability per unit of time to undergo a reaction, where (ii) this probability depends only on the density of
the other individuals, if any, involved in the reaction (and possibly on the physical circumstances), and moreover (iii)
the maximum number of individuals involved in any reaction is two. Adding up over all identical individuals in a
unit of volume gives us the expected number of reactions per unit of time, the reaction rate.

A more careful analysis of the previous argument shows that there is an intimate connection between the law of
mass action and the concept of i-state. (i) follows from the fact that two individuals belonging to the same population
and being in the same i-state should certainly have the same probability of reacting. After all the concept of i-state
was introduced precisely to guarantee this kind of behavioural equivalence. The reasoning showing that the probabil-
ity of reacting may only depend on the density of the individuals with which it reacts and rnot on the densities of other
sorts of individuals is more complicated. We start with the observation that whitin our framework reactions cannot
have a duration, for if an interaction between individuals or a behavioural transition costs time, this time has to be
accounted for in terms of the i-state space (compare our discussion of the invertebrate predator in example 1.1) Next
we throw in the assumption (A) that within a finite time interval an individual can only interact with finitely many
other individuals (see also remark 2.3.4 (iii) below). Therefore the only reactions in which (a) other individuals are
involved and which (b) have a noticeable effect, are births, deaths and i-state jumps. Only the third type of events
results in a protracted effect on an individual’s behaviour, but only through a change in its i-state. The direct involve-
ment of any other individual in the generation of a reaction automatically classifies that individual as a reactant in the
sense of the law of mass action, thus precluding any direct effect of non-reactants in the probability per unit of time
that an individual in a given state reacts. Finally (iii) follows from a stronger version of our earlier assumption (A):
(A ") for any individual in any condition the probability per unit of time of interacting with an other individual is
finite.

Yet there exist apparently reaction rates which do not conform to the law of mass action. Our discussion of the
invertebrate functional response in 1.2 indicates how such reaction rates may be fitted into the general framework by
paying attention to faster time scales and correspondingly more complicated i-state spaces. Note, however, that that
time scale argument was based essentially on the prey population being much larger than the predator population. It
is only in the limit when the ratio between prey and predator densities has gone to infinity that we obtain nothing
more complicated than a nonlinear relation between overall predation rate and (rescaled) prey density. But in taking
this limit we gave up treating the predator and prey populations on equal footing.

REMARK 2.3.4: (i) The reason to stress in the present context the per unit of area/volume aspects is that an individual
cannot “see” the total number of individuals present with which it can react, but only the local density of individuals
surrounding it (compare remark L.1.1 (ii)).

(i) For the initial argument leading up to the law of mass action it is already sufficient that the expected number of
reactions undergone by individuals are equal. This is the basis for the construction of population dynamically
equivalent simplified /-models as discussed in remark 2.2.3.

(iii) Our discussion of the invertebrate functional response in 1.2 also shows how an apparently continuous i-movement
may result from very many interactions each having a very small effect. Again this result was reached by a procedure
which precludes treating the prey as a population of individuals au par with that of the predators.

3. Mass balance

In this section we shall discuss the various building blocks of the differential generator for the p-state transitions. The
whole problem of specifying this differential generator boils down to an appropriate accounting of p-mass: individuals
may be assumed to (dis)appear only through known (or at least named) causes like births, deaths or transport to or
from some other place in the reachable i-state-space . Moreover, during infinitesimally small time intervals these
processes act independently. Therefore we can specify the p-differential generator by simply adding the various
separate contributions to the local change of the p-mass. Depending on whether we concentrate on i-states inside or at
a boundary of © our accounting gives us components of the defining formula of the p-differential generator A or com-
ponents of a side- condition at that boundary. Since our discussion will be in terms of the biological processes
involved we shall be intermittently dealing with one or the other.

First we introduce some notation. We start with repeating that throughout this chapter we shall adhere to the

CONVENTION: we shall suppress any arguments of functions that are not explicitly operated on or referred to.
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The i-state will be denoted as x = (xy, -

i *+,x)T, k the dimension of the component of i ion.”
density of individuals at x we shall indicat . % under considerston The

€ as n(x), the p-state as n, i.e.
n(x)Ildx; = number of individuals in the infinitesimal rectangle [I(x;,x, + dx,)

or, if your inclination is mathematical instead of scientific, for any £, CQ:

f n(x)dx = number of individuals in Qq .
Qo

(where dx denotes Lebesgue measure! ).

In the interior of @ the differential generator A can be written as
on
B =8n + 84n — 8_n h

where
6;n = contribution to the local change due to continuous i —state movement (the 7 stands for transport},
8; . n = contribution to the local change due to births or jumps from elsewhere in € (the s stands for source)
—&; _n = contribution to the local change due to deaths or jumps to elsewhere in £ (the s stands for sink)
In principle
&n = 8yn + §n (3.2)
where

8,4 = contribution of the deterministic (local average) component of the continuous i —state movement
8,n = contribution of the purely stochastic component of the continuous i —state movement
However, we shall conventionally assume that §,;n = 0, at least in the main body of the chapter, deferring to appen-

dix B the discussion of the complications that arise when 8,,n5=0. Also, when concentrating on one particular kind of
contribution we shall often without further notice assume that all other contributions are zero.

Side conditions can be decomposed in essentially the same manner as the defining formula for A and the same
conventions will apply.

The various standard notational conventions of vector analysis and calculus in R*, as well as a discussion of the
underlying concepts geared towards a biological audience, can be found in appendix A.

+ We shall think of x as a column vector. 7 denotes transposition.

iliar wi i i j sider this a piece of notation. Appen-
t familiar with the concept of Lebesgue integration you can just const e of notad
Eigzorxi:et:?:onvey the idea behindot;i concept in a manner geared to the minimal use made of n‘ in this chapter.
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3.1. Mass transport due to continuous i-state movement

This subsection is divided into two parts. In the first part we follow the biologists line of approach, with the stress on
the heuristics and minimizing the algebra. In the second part we essentially repeat the argument in a manner to suit
the taste of a mathematician.

34.1. A biologist’s shortcut

In chapter I we derived that the one dimensional conveyor belt is described by

By = ol 8
8n = ax(vn) (v ™ +n8x)

where v denotes its local speed (the speed of the i-movement). For k>1 we can just add the contributions of the tran-
sport in the various directions, i.e.

dn= -3 %i-(vn) @G.L1)

where v; denotes the speed of movement in the direction of the positive x; axis. Using the notation from vector
analysis this can also be written as

&n = —(vn) (3.1.2)
where v denotes the vector of local speeds.

The previous line of argument concentrated on one locality in . Some more insight in the nature of (3.1.2) can be
gained by rederiving it in a different manner. To this end we imagine that we move along through Q with the flow
generated by the vector field v, or more biologically phrased, that we stick to one individual and observe what happens
to the content of a little box around it, currently of the form II(x;,x; + dx;), and having a volume Ildx,. At:t + dr
this box has been transferred to a position slightly more downstream and has changed in shape and therefore also in
volume (see fig. 3.1.1). The new position is given by x-x +vdl, the new value of the i’th state variable being
(x + vat); = x; + vdt. To calculate the volume of our little box after its transfer downstream we start by noting
that the map transforming neighbourhoods of x into neighbourhoods of x ~+ vdr may to first order in the dx; be
approximated by a linear map. This linear map transforms the original square box into a parallelepipid. Therefore
any curviness seen in fig. 3.1.1 can safely be neglected as being due to higher order terms in the dx; only. Next we
concentrate on one i-state variable at a time, say the i-th, i.e. we consider the dilation of the box in the direction of
the i-th unit vector e®), while temporarily neglecting any changes in the other sides of the box. To this end we look
what happens to the two adjacent corners x and x-+e®dx;. The first corner transforms into x +v(x)dt, and the

second one into
x+eVdx; + v(x +eWVdx)dt = x +eWdx; + (v(x)+ -g—dx,-)dt .
i
Apparently under our linear map e®dx; > (e(")+£—dt)dx,« only the change in the e direction contributes to the
i

volume change (see fig. 3.1.2A (or B)).
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oy

X; x;+dx; x‘+'vi(x)dt xL+dx¢+vi(x+ewdx¢)dt

Fig. 3.1.1. The change of an infinitesimal volume when it moves along with the stream, and the contribution to this
change due to changes in the i-th state variable.

, v,
Singling out the i-th coordinate we find (e®) + :—;dz),dx,- = +-é;—dt)dx,. Therefore the dilation of our box in the
i i

v;
O
terms we can simply add up the contributions of the volume changes in the directions of the various i-state variables

direction of the i-th coordinate adds a fractional increase of dr to its volume. If, as before, we neglect higher order
. . B, .
(see fig. 3.1.2C, and/or exercise 3.1.1) to arrive at a total fractional volume change of E‘—a-;- dr . Equating the

numbers of individuals in the box before and after its infinitesimal transformation then gives

Vi

3
n(t +dt,x +vd)[ldx;(1 + E-gdt) = n(z,x)Idx;

Fig. 3.1.2. Decomposing the infinitesimal volume change of the box from fig. 3.1.1 into the component changes along the
axes.

Hence
o,
[n@ +dt,x +vdt)—n(t,x +vdt)] + [n(t,x +vdt)—n(t,x)] + n(z +dt,x +th)2§;,-dr =0.

Dividing by dt finally gives
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on on i

an gn . = 3.1.3

ot +28xiv'+n26x,» 0. @13
which is equivalent to (3.1.1).

The various terms in (3.1.3) bear special names referring to their interpretation. The quantity
ov;
—i = 3.1.4
n3 ™ n<v.v (3.14)

is called the dilation (or dilatation) since it accounts for the contraction or expansion of our volume element
TI(x;,x; + dx;). The remaining quantity

an _
Soe %= I (3.1.5)

accounts for the pure transportation of individuals with the i-flow and therefore is called the convection term. (com-
pare the discussion after (1.2.5.4)). Finally the quantity

Dn¥an

= 3.1.6
Dt ot t Vny ( )

is called the material or substantial derivative as it describes what happens around one individual which we follow
through its life (see also section 4 on integration along characteristics).

As a final point it should be noticed that v in (3.1.1) to (3.1.3) may depend explicitly or implicitly on time, e.g. as
a result of a dependence on the state of other or the same populations. This does not influence at all our derivation of
these formulae.

EXERCISE 3.1.1: Show that the linear map transforming a neighbourhood of x into a neighbourhood of x + vdt allows
the matrix representation I + Dvdl, where the derivative D is taken with respect to x. Therefore the volume of our lit-

ov;
tle box after transformation equals Tlds; det(I + Dvdr). Show that this is equal to ldx(1 + E—-dr + 0(dr).
i

EXERCISE 3.1.2: Write down the transport part of the p-differential generators of examples 1.1, 1.2, 1.4, 1.6, and 1.10
from section 1. (Mind the decomposition of 1)

3.1.2. The mathematician’s derivation

The more rigorous derivation of the transport component of the p-differential generator to be presented in this subsec-
tion uses the physically inspired concept of flux, which will not be introduced in intuitive terms untill well into subsec-

tion 3.2.2. So if you are not familiar with this concept already, you are advised first to read on and only afterwards to
return to this subsection.

Just as with the “derivation” in subsection 3.1.1. there are two possible approaches depending on whether we ima-
gine ourselves as staying put at a fixed point in { or as moving along with the stream. These two approaches are
called after the mathematicians Euler and Lagrange respectively. The Euler approach has the advantage that it still
applies in situations where the flux vector ¢ depends in a more complicated manner on the local density than just
¢ = vn (e.g. due to random components in the continuous i-state movement), but the Lagrange approach adds more
to our insight into the nature of the transport equation and its solutions.

The ideas presented below arose in the context of continuum mechanics. We refer to Lin & Segel (1974), Segel
(1977 a, b) for an introduction to this subject. Also see Aris (1978).

The Euler approach

Let @) be a domain in Q with a piecewise smooth boundary 3%. If ¢ denotes the flux vector and » the outward

normal at a point x on 3%y, the outward flux at x, be it positive or negative, is given by »¢. Conservation of mass
implies that

75‘ [ndx + [vedo =0, 3.1.7)
1 g, 2,

where o denotes Lebesgue measure on 3%,. Applying the divergence theorem we find

d
E‘{ndx+n{v-¢dx=o
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or

on _
o TV|dx =0

/

[0

Since {4 is arbitrary this is equivalent to (by the so-called Dubois-Reymond lemma)

S Ge=0, (3.1.8)
at
and in particular when ¢ = vn, as is the case when the continuous i-state movements are all deterministic (see subsec-
tion 3.2.2),
on

— + Vv =0. (3.1.9)
ot

La)(grange approach
The calculations for the Lagrange approach are considerably more complicated. However, the technicalities

involved also have some interest in themselves. For example, in part B both Aldenberg and Roots use calculations of
this kind in the context of concrete biological examples.

As said before, the Lagrange approach is based on following an individual and looking at what happens in its
immediate vicinity. Let such an individual be characterized by its i-state xq at t = 0, xq in the interior of €. Its i-
state at ¢ can be determined from the i-equation

& v(t,x) x(0) = xg . (3.1.10)
dt

We assume that (3.1.10) allows a unique solution which can be written as
X(!,Xo) = T[O,t)XO (3.1.11)

where Tyg,, is the next i-state operator acting over the interval [0,). The uniqueness of x(z,xp) guarantees that T,
allows an inverse Tpg}, at least in a neighbourhood of 1 = 0, x = xq.

Now consider an arbitrary domain £(0) in the interior of 2, and let
o(2): = {x(t,x0) | x0€(0)} .
With this notation the conservation of individuals expresses itself as
[ nx)dx = [ n(0x)dx (3.1.12)
Q1) %0

This relation forms the basis of the Lagrange derivation of the transport equation. But before we proceed to the
derivation we introduce some auxiliary notation

p(t,x0):= n(tx (hxo)), J(hxo):= detD,, x(t,xo) = detDTyg yxo - (3.113)

(NB The function p is not a density! If one wishes to transform variables and keep the interpretation of densities one
should include the Jacobian of the transformation, in this case J.) To calculate J we define the matrix valued function
M by

M(t,x0): = Dy x(t,x0) = DTp nxo . (3.1.14)
By differentiating (3.1.10) for x, we find
dM

e Dv(t,x(t,xo))M, M©O)=1. (3.1.15)
This is a linear time varying o.d.e. Elementary linear algebra (sec appendix A) shows that detM satisfies
% = (traceD vV = (Vv), J(0O,xp) =1 (3.1.16)

and therefore
t
J(t,xg) = exp[f Vv(1,x(1,x0))d7] >0. (3.1.17)
0

(The last inequality also shows that for v differentiable in x the inverse map Tig i, exists at least in a neighbourhood of
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t =0, x = xq.)

Having introduced all necessary instruments we are ready to derive the transport equation. To this end we shall
calculate Tidt_ f n(t,x)dx by first applying the transformation x = T[g,)Xo and then use the inverse map Tty to

(1)
transform back again. Owing to the positivity of J we can drop the absolute value signs.

[ n@x)dx = [ n(x@xo(6xo)dxe = [ pt,xo)N (txo)dxo -
0 2,0 20

Therefore
d

— _ 9p aJ
0=-"% n.,£ nex)dx = [ (ZE @xolxo) + ploxo) Gy (bx0)}dxo
) (0

D)

2(0)
= f {—aﬂ + Vnv + nVovldx = f (in_ + V-(nv))dx
Qe dr ot
) ()

which again implies (3.1.9).

=/ [':7 n(t,x(Lxe)) + Vn(tx(Ex)(x(tx0) + n(6x(6x0) V(x50 (4 x0)dxo

(3.1.18)

= j{ [% n(t,x(t,xo)) + Vn(t,x(t,xg))v(t,x(tLxo))|J(t,x0) + n(t,x(6,x0))Vv({tx(t,x0)M (. x0)}dxg

The next two exercises provide some links with Aldenberg’s use in part B of the flux in deriving the balance law.

ExerciSE 3.1.3: Consider the special case that @ is 1-dimensional and v time independent.
J@.x0) = v(x(t:xq)) / v(X0)-

Show that

Hint: Use that -‘% v(x(t,xg)) = v(x (t,xo))—g%(x (t,%q)), i.e. v(x(t,xo)) satisfies the same differential equation as J but

with a different initial condition.

EXERCISE 3.1.4.: Let

on _
3 + V-vn) = —un,

w(t,xq) a death rate. And let

def
$txo)= p(t,xo) (t,x0) ,
i.e. if there were no deaths we would have {(,x¢) = n(0,x,). Show that
& e ‘
dt K-

Interpret the result in intuitive terms.

EXERCISE 3.1.5: What are the dimensions of p and J, of {?

3.2. The (local) loss of p-mass

P-mass can disappear locally from the interior of @ through deaths (or emigration) and through jumping to some
other place in 2. Of course in the latter case the mass returns elsewhere in €. On the other hand p-mass can disap-
pear through transport across the boundary 3Q of Q. We shall discuss these two forms of disappearance of p-mass

separately. In subsection 5.2 the connection will be made again.

3.2.1. The local disappearance of p-mass from the interior of .

From law of mass-action considerations the local disappearance of p-mass at x can always be expressed as
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= -n(x) = —a(x)n(x). (3.2.1)

o itself may be a sum of various terms like natural mortality rate, predation intensity, rate of jumping to elsewhere in
Q etc. Each of theﬁe terms can depend in its own way on time or on the state of the p-system as a whole. For exam-
ple, if x denotes size and ap denotes a predation component of « and m denotes the distribution of predator size y,
then for randomly searching predators (i.e. predators for which satiation effects for example play no role)

ap(x) = Q{ Bxy)m(y)dy , (3.22)
whelie B(x,y)dx is‘ thr? searching intensity for a predator of size y for prey in the size bracket (x,x + dx) (we have to
consider a prey size interval here as predators search for prey, not for prey per unit of prey size!). (In part B Daan

discusses i.a. the possible functional forms of 8 and the problems of determining it for commercially relevant marine
fishes).

) T:he reasoning for jumps goes as follows: let y(x,y)IIdy; be the probability per unit of time that an individual at x
will jump to II(y;,y; + dy;) then the contribution a; to a due to this kind of jump is

a(x) = [y(xy)dy, . (323)
2
This can always be rewritten as

Y(6y) = ay(x) p(x,y), (3.24)

where p(x,) is the probability density of the “touch down” position for jumps starting at x.

REMARK 3.2.1: v and p may contain delta-“functions” with respect to y. See section 5 for a discussion centering
around the problem of the occurrence of delta-functions in the definition of the p-differential generator.

Sometimes we have two or more touch down positions due to the individual splitting into two or more separate
individuals.- In that case it is still possible to write y(x,y) = a;(x) p(x,y) but the probability density p(x,*) now is a
mixture of two or more probability densities, those of the 1st, 2nd, 3rd erc. division product. Even more generally the
number of division products may be a random variable with distribution irg;(x). In that case

1

plxy) = e 2 q,.(x)jglp,j(x,y) (3.2.52)

with
r(x) = Xigi(x) (3.2.5b)

where p;;(x,") is the probability density of the touch down position of the j'th division product of an individual spl.it-
ting into i products, and r(x) is the mean number of division products derived from an individual which divided while
it was in state x.

Quantities like &, and p (x,y) may depend again on time or on the state of the system as a whole. They should be
calculated from submodels on the individual level. We shall not go into the various possibilities here, with one excep-
tion: the generalization to higher dimensional i-state spaces of the “divide on crossing a stochastic threshold” n?echan-
ism from L4.1. Such a generalization will be needed for example if we wish to extend the model from L4 to'mch:\de
cell age as an i-state variable as in example 1.4. from section 1. As another example you may thmk ofa modl.ﬁcat.lon
of the PPP-problem from example 1.10, in which it is assumed that the amount of Tesources in as yet une:.cploued
patches is not constant but varies randomly over the patches. A final example comes from environmental toxicology:
one of the i-state variables is concentration of poison in the individual and death occurs when the poison level passes
some random threshold (which is assumed to have been set at birth).

In order to be specific we shall proceed as if crossing the stochastic threshold results m d;ath. Let (r) denote the
probability that an individual born alive at ¢ = 0 is still alive at 7. The probability that it dies between ¢ and ¢ + df,
provided it survived till ¢, is precisely what we called ap(x(),1)dr. Therefore ¥ can be calculated from

2 - 0K, §O =1
or
Kr) = exp(— [ap(x(r), 1)d7).
0
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Let 6(x) denote the probability that x is below threshold. Then
&) = 8x(1)) / S(x(0))

Therefore
ap(er) = LR =~ — poge() L = S em ) (3.262)
with
2
W= Ty sk (3.2.6b)

(NB. We assume here that the i-state movement is such that 8(x (1)) is guaranteed to decrease with time!)

REMARK 3.2.2: The definition of the p; implies that

o o,
—_t = L
o, ox (327

Conversely condition (3.2.7) is also sufficient (provided @ is simply connected) for a set of p; to define a function §,
unique up to a multiplicative constant, through

8x) = exp(~ [ wx) as) (3.28)

for some path 2 joining x, and x and parametrized by s. Formulae (3.2.8) and (3.2.6) are the direct generalization to
higher dimensional state spaces of (1.4.1.5) and (I.4.1.6) with (for  1-dimensional)

8(x) = 1— [ &(§)at. (3.2.9)
0

(Working with 8 instead of ¢ allows us to bypass detailing the relation between a single threshold variable and the k
state variables, k>1.)

BXERCISE 3.2.3: Write down the local parts of the differential generators of example 1.1 (the invertebrate predator) and
1.10 (the PPP-problem with the amount of resources in newly discovered patches fixed). Call the densities of prey and
predator in search of a patch P and Q respectively, and the corresponding rate constants { and n(x).

EXERCISE 3.2.4: Write down the Jocal mass loss part of the differential generator of the binary fission model from
example 1.4 from section 1 on the assumptions that (i) division rate depends only on size, not on age, (ii) growth may
be time dependent, (iii) the same stochastic division threshold model applies as has been introduced in 1.4, and (iv)
cell death rate is only age dependent. Where does the lost mass reappear?

EXERCISE 3.2.5: In the Asterionella example 1.6 from section 1 assume that breakage of colonies is due to randomly
occurring randomly sized shocks that break all bonds older than a certain age. In that case there exists an increasing
function b:R* —>R™ such that b(a;)dr equals the probability of the breaking of the ith and older bonds, and
[b(a; +1)—b(a))dt equals the probability that the (i + 1)th and older bonds break but not the ith and any younger
bonds. Write down the local mass loss terms of the p-differential generator. (Assume that division rate d only depends
_ on cell age and that there is no death.) Where does the lost mass reappear in Q? (NB colonies of size 2 are a bit spe-
cial as far as reappearance of mass from division is concerned.)

EXERCISE 3.2.6: Write down the local mass loss term of the modified PPP-problem, with the initial amount of
resources in a patch a random variable. Hint: Let X be the survivor function of the initial amount of resources, i.e.
P{ro>p) = H(p). Use the calculations of exercise 1.12 to express § in H.

3.2.2. The disappearance of p-mass across the boundary of Q

P-mass can get lost across the boundary 3Q of & eg. when animals die, or cells divide, when their i-state reaches a
fixed barrier. Such a loss of p-mass does not show up in the defining formula for calculating the differential generator
A but in the definition of its domain. The fact that A is assumed to act on functions on € is part of its definition. In
the case that we are dealing with loss of p-mass and deterministic flow only, no side conditions are needed.
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Another point is that p-mass lost by flowing across the boundary of © may reappear elsewhere. Therefore we have
to be ab.I? to calculate how much mass flows out of Q and where along 32. As a start we notice that, except for some
smsdanues which may occur when v is no longer smooth at the boundary of © and which shall be dealt with in sub-
sef:m-)n 3.4, p-mass can only leave @ when the local speed vector v points out of Q. The part of the boundary where
this is the case we shall call 3_Q. To calculate the i-state “volume” that flows out of Q per unit of time we have to
decompose the local flow rate into a component orthogonal to the boundary which contributes to the outflow of p-
mass, and a component parallel to the boundary which does not contribute. This can be done by means of the out-
ward normal vector » (see fig. 3.2.1, or appendix A). The volume that flows across a small unit of area do of 3% sur-
rounding x in a small time interval dr equals v(x)dt»(x)da.

VU 4 ﬂqi

Figure 3.2.1
Therefore the local mass flow rate per unit of area, or, as it is usually called, the flux, out of  equals
[local flux out of Q at x€d_Q] = v(x)»(x)n(x) (3.2.10)
and
[total mass leaving @ across 3 Q] = f vendo . (32.11)
e
For further calculations it is sometimes helpful to introduce a new quantity, the flux vector ¢ = (91, * * * , P& Y. ¢is

defined as the amount of mass that flows per unit of time and per unit of area along a point in the positive x; to x;
directions. For a deterministic movement through i-state space we therefore have

¢ =vwn. . (3.2.11)
This way we can write the local flux across a (k — 1) dimensional surface Z as
[local flux across Z at x] = ¢(x)¥(x). (3.2.12)

The importance of this formula is that it still applies when ¢ has to be calculated in a different manner, e.g. when
there are also stochastic components to the continuous i-state movements. It also forms the basis for the Euler deriva-
tion of the transport equation set forth in subsection 3.1.2.

EXCERCISE 3.2.7. What is the local rate of mass flow out of the interior of @ across boundary segment (0), (see fig.
1.1), and therefore the local reappearance rate on the s-axis in example 1.1 from section 1 (the invertebrate predator).
What is the arrival rate locally at the line T = 7,7 Where does this mass reappear?

EXERCISE 3.2.8: Assume in the PPP-problem with fixed initial resources in a partch (example 1.10) t‘hat prey “take the
wing” when a patch gets exhausted. What is the total production of prey emigrants per unit of time? Assume that
predators leave empty prey patches as well. What is the production rate of predator emigrants?

EXERCISE 3.2.9: Assume that Asterionella colonies break only at the exact moment that the oldest bond reaches age A.
What is the local rate of mass loss at this boundary? Where in € (and how) does this mass reappear? (NB colonies of
size 1 are a bit special as far as the reappearance of mass is concerned.)
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3.3. The (re)appearance of p-mass

New p-mass can appear in two manners: locally in the interior of  and at the boundary of 2. We shall discuss these
two possibilities separately. In subsection 5.2 the connection will be made again.

3.3.1. The (re)appearance of p-mass in the interior of Q

If per unit of time an amount of p-mass bIldx; is added to a volume element Il(x;,x; + dx;) this results in a com-
ponent

8,4m =b (3.3.)

in the defining formula for the p-differential generator A. There remains the question of how b can be calculated. In
principle b is the sum of two terms: the results of new births and of jumps of the i-state process. Of course, if an indi-
vidual divides into two or more parts it depends on our conventions with respect to the concept of “parent” whether
we speak of a jump and birth(s) or of births only. To simplify the presentation we shall call every “touch down” in Q@
a birth, independent of whether this is a real birth or just a reappearance after a jump.

To calculate b we split up the various births with respect to their origin, calculate the corresponding birth rates

through a law of mass action argument and cumulate over origins. That is, if the separate components of & are
denoted as Q;,

b(x) = Z{[rpO: )l + [ r)p(x)ep) o) . (332
i .0

(assuming that one can only be born out of individuals of the same population and that there is no immigration),
where r,p and o, in the first integral have been defined in (3.2.3) to (3.2.5), r and p in the second integral have the
same interpretation as in the first integral, ¢ and » and do have been introduced in subsection 3.2.2 (a more extended
discussion of surface integrals may be found in appendix A).

There is still one snag in calculating the various terms in (3.3.2) which has to do with the way in which p is calcu-
lated. We shall show the problems involved by means of an example.

ExampLE 3.3.1: Cell division into unequal parts. Consider a cell division model in which the size of the two daughter
cells are two random fractions, § and 1—6, of the parents size. Let f denote the probability density of § (with
(&) = f(1—8) so that f(8) + f(1—6) = 2f(#)), Then, if a, denotes the division rate as a function of size,

1
bG) = [ 20 om0 ¢33)

The reason for the factor 87! is that for a fixed value of # births in the range (x,x + dx) come from parents in the
range (%, % + %x_) and we have to discount a compression factor § of the interval during the jump. More formally,
if p(y,x)dx equals the probability of touchdown in (x,x + dx) of a randomly chosen division product of a parent cell
of size y, like in (3.2.5), then (using integration rule (i) from appendix A with § = —;C—)

6 2 =8y x

[f@de = [ pexax = [ fEy ldx.

b x, = by PSS

So we find
p(.x) = ﬂf)y" .

According to (3.3.2) we have to integrate 2a4(y)p(y,x)n(y) with respect to y to get b(x). This way we find again
(applying integration rule (ii) with y = %)

_ 9 x, . x. 0 d x _ ! X\, X\p—
[ 202000 = [ 2Ol GGy g5 (G = [ A OesncgH'do

as in (3.3.3.).

Numbers are conserved, not densities. Therefore we have to be very careful in ascertaining how the volume elements
at the places of take off and touch down are connected, as the various volume conversion factors enter into the calcu-
lation in a nontrivial way. An analogous remark applies to the connection of surface and volume elements for
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individuals taking off across 3. An example of the latter type of calculation will be shown in the next subsection
where the instream of p-mass across 9% is considered.

EXERCISE 3.3.2: Calculate the local birth terms for the Asterionella models from exercises 3.2.5 and 3.2.9.

3.3.2. The (re)appearance of p-mass across the boundary of Q

P-mass can only stream into £ across 82 at those points where v is directed inwards, or more formally, where v.» is
negative. We shall call that part of the boundary 8, Q. On 3, the arrival rate per unit of surface area b, should
equal the inward flux at the boundary, giving rise to the boundary condition

—Hxyd(x) = —mx)v(xIn(x) = by(x) (334)

There remains the problem of calculating by(x). This can be done along the same lines as the calculation of the inte-
ror local arrival rate (3.3.2). Only now pj has the dimension (surface area) ~! instead of (volume) ~!, and we have
to keep careful track how volume or surface elements at take off transform into surface elements at touch down. We
shall but give an example.

EXAMPLE 3.3.3: The invertebrate functional response continued. In the excercises (3.1.2, 3.2.3 and 3.2.7) we have already
encountered various parts of the differential generators for the invertebrate predator of example 1.1. The full p-
differential generator is displayed in subsection 4.1. Here we shall concentrate on 9, . 3. consists of two parts.
The maximum satiation of searching predators s,, bounding Qo CR from above and the boundary segment (2) bound-
ing Q) CR? to the right. (see figure 1.1). At s, we just have to make sure that there is no instream of maximally
satiated searching predators by setting

&(sm) = — flsmInolsm) = 0, (3.3.4)
( where fwas the digestion rate), or equivalently
no(s») = 0. (3.3.5)

At boundary segment (2) there is an instream of predators having just started search. The predators arriving at
(5, T(s)) come from (s,0). Predators leave there at a rate xgo(s)no(s). However, we need the arrival rate per unit of
boundary lcngth A I.ine element of length ds on the s-axis connects with a line element of length

do = ((ds)? + ( ds)z) =1+ ( )2) ds. (Compare formula (A2.6); we parametrize the touch down boun:

dary with the posmon at take off and match number of predators leaving per unit of time, an integral over a segment
of the s-axis, with number of predators arriving, an integral over a corresponding segment of the touch down boun-
dary.) The arrival rate per unit of length equals

ba(5,7m(s) = xgolo)n()(1 + (—5— "’( Dy @336)

This should equal
1 1 ATls) 5 ~+
S, Tm(8)) — (5,7 (8)) = ny(s) [_ ] ar, | T 5 Tds(s)) s (337
@ ¢
Therefore on boundary segment (2) we should have the side condition
d
(1= as =)y (5,7n(s) = 50D (338)

EXERCISE 3.3.4: Derive appropriate side conditions for example 1.4 (binary fission), 1.6 (dsterionella) and 1.10 (the
PPP-problem) of section 1. In the Asterionella example consider both the cases covered by the assumptions made
about the breakage mechanism in exercise 3.2.5 and in exercise 3.2.9.

3.4. Boundaries and side conditions: picking up the strands

In subsection 3.2.2 we encountered the boundary 3 Q defined by v-»>>0, and in subsection 3.3.2 the boundary 9.
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defined by v-»<<0. The definition of the differential generator A will have to include side conditions on 3. @ for other-
wise A will certainly not define a unique semigroup: if we do not prescribe what is to be put onto a conveyor belt at
its start we cannot foretell its contents. On 3_£ no side conditions are needed. In fact if we would prescribe side
conditions on 3. there would probably né longer exist a semigroup associated with the would be differential genera-
tor so defined: once we have prescribed what happens at the start of as well as on a conveyor belt we are no longer
free to prescribe what is going to leave it at its end.

Apart from 0-Q and 3, © we may have one piece of boundary left: 3, for which v-» = 0. If the vector field v is
smooth on Q (the closure of €) then it is impossible for individual trajectories to reach or leave 3,2 so no boundary
condition has to be prescribed nor should it be. The following example shows that this need not hold if our smooth-
ness assumption is relaxed.

ExaMmpLE 3.4.1: Von Bertalanffy growth starting from zero initial size. In the model for size dependent population
growth in ectotherms from 1.3 we encountered the equation

% - aga}" i (3.4.12)
with

&) = Go) =) (3.4.1b)
and

o) = g1ledn(p) = b (3.4.1¢)
with

b= ‘{ N (On(Ddl . (3.4.1d)

Biological considerations imply that birth length Z, should be positive. However, from a mathematical point of view
nothing keeps us from considering the limiting case J, = 0. (In fact, this can be a useful step in dealing with models
in which evolution drives the population towards smaller and smaller /).

So far there is no problem. g,(0)>0 and (3.2.1c) provides the necessary boundary condition. But now consider the
same model but with weight as the i-state. Derived from first principles the p-equation now looks like

%'tl - - ag;” —n (3.4.22)

g3w) = 77 (/3= w)* (3.4.2b)

Hwp) = galwpn(wy) = b (3.4.2¢)

b= [ Nw)n(w)dw (3.4.2d)
Q

In the limiting case for w,|0 the left hand boundary at w, belongs to 3,Q. Still, since (3.4.1) and (3.4.2) are

equivalent, (3.4.2) should be a genuine model also for w, = 0, provided that the boundary condition (3.4.2¢) is
replaced by ‘

lim ¢(w) = lim gs(w)n(w) = b 3.4.20)
wl0 w0
What happens in this example is that indeed for genuine weight distributions, i.e. functions n: 2—R™* such that

[ndw <oo (3.4.3)
2
3.4.2¢) is a perfectly valid boundary condition as it is equivalent to

n(w) = -—’%——— + o(w™2/3) for w0
kvw?/3

which is compatible with (3.4.3). However, would g;(w) have gone to zero smoothly for w|0 then an expression like
(3.4.2.c) could never be fulfilled by a function satisfying (3.4.3).

On the individual level the anomaly has to do with the fact that for the initial condition w(0) = 0 the von Bertalanffy
growth equation dw /da = g;(w) does not have a unique solution: a solution may either stay zero for ever (as we
expect from g3(0) = 0) or may leave zero at any nonnegative time. It is this possibility of growing away from
0 = 9,© that makes that we have to prescribe a boundary condition at 3. For growth laws which are smooth also
in 0 like g; no such anomalous behaviour is possible: either O belongs to 3. and we have to prescribe a boundary
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condition, or it belongs to 9R or 3.9 and we should not do so. ( Of course there remains the biological anomaly that
81(0)>0, making individuals grow away from zero size. The explanation here is that g; and g; were based on the
assumption that individuals of all sizes are structuraly similar, which can only apply from a sufficient size onwards.)

In the same manner as we may have inflow of mass across a subset 9o & of 3§, we may have outflow across a
subset 39~ & C 8,2, but biological examples do not seem to abound.

If we have taken care of prescribing the right side conditions on 9., @ and 3¢ ©, then it is generally possible, in the
linear case at least, to prove existence and uniqueness of solutions of our p-differential equation and therefore the
existence and the uniqueness of an associated semigroup of next p-state transformations, by means of a generation
expansion, i.e. a series expansion in which the subsequent terms are just the i-state densities of individuals in subse-
quent biological “generations” (where generation should be interpreted in a generalized sense in that i-state jumps are
treated as combined death-birth events). Therefore the side conditions which have passed in revue are the only ones
that are needed.

REMARK 3.4.2: It is not uncommon for 32 to consist of a finite number of smooth surfaces connected by edges (see
eg figure 1.1). In an edgepoint there does not exist a well defined normal ». Usually it is clear from the interpreta-
tion to which of its adjoining surfaces we should assign such a point and therefore what we should choose for » in our

calculations. However, in general we can just leave unspecified what happens as the edges only form a subset of 3% of
measure Zero.

EXERCISE 3.4.3: Discuss the possibilities of calculating an optimal birth weight under r-selection in our Daphnia model
from L3. Here r-selection refers to selection for the maximum possible asymptotic population growth rate r as intro-
duced in 1.3.3. Assume an energetic trade off between birth rate and birth weight as expressed by the factor (ww)™!
in formula (1.3.1.4).

3.5. Summary and concluding remarks

We now have come at the end of the model building sections. In the following sections we shall discuss how our basic
p-equations may be used to derive other types of equations by means of various transformation rules and/or limiting
arguments. However, before going on it may be useful once more to put the variety of arguments that have passed in
revue into perspective.

The specification of a structured population model embraces

®the choice of an individual state space {, a domain in R¥ (or the union of a number of such domains, possibly
for different k)

®a recipe for calculating the velocity v
@a recipe for the calculation of the per capita disappearance rate «
@2 recipe for the calculation of the (re)appearance rates b and bj.

In subsections 2.2 and 2.3 we have discussed respectively the conceptual intricacies of constructing models for indi-
vidual behaviour and the coupling of individuals into populations. Together these two subsections covered all four
ingredients mentioned above, albeit in a rather abstract, philosophical fashion. The examples from section 1 serve to
add some concreteness. In the present section we discussed how the abstract considerations from section 2 can be
translated into our main working tool: p-equations. In 3.1, 32.1 and 3.3.1 we discussed the bits and pieces
corresponding respectively to v,a and b, of the defining recipe of the p-differential generator, telling how it acts on the
elements of its domain. In subsections 3.2.2 and 3.3.2 and 3.4 we discussed the other necessary component of its
definition, the description of its domain, with special reference to respectively € and b;. In 3.1 and 3.22 we dealt
with the process of deterministic change: in 3.1 we considered the continuous shifting of the i-state distribution in the
interior of Q resulting from v, in 3.2.2 we saw how this shifting may lead to deaths or i-state jumps by individuals
being pushed inexorably over the boundary 3_Q. In 3.2.1 and 3.3 we considered chance in the form of random
deaths, births and i-state jumps: in 3.2.1 deaths and take-offs represented by a, in 3.3 births and touch downs
represented by b and by.

There is still one possible mode of i-state behaviour left which we refrained from discussing: stochastic continuous
i-state movements. These are covered in appendix B.

EXERCISE 3.5.1 The stochastic threshold models from 3.2.1 hold a kind of intermediate position with respect to the



104

change versus chance dichotomy: in these models we can make the occurrence of deaths or i-state jumps deterministic
by shoving in an extra i-state variable representing the threshold, but at the price of a higher dimensional i-state space
and additional randomness in the state at birth. Rephrase the “division on reaching a stochastic threshold” model

from 1.4 in the manner indicated. Also integrate the resulting p-equation over the threshold variable to rederive the p-
equation from 1.4.

4. Integration along characteristics, transformation of variables, and the following of cohorts through time.

In our treatment of size dependent reproduction in ectothermic animals in 1.3 we achieved for the case of constant
food density a transformation into an equivalent remewal equation through a technique called integration along
characteristics. In this section we shall consider this technique and various related techniques for transforming p-
equations from a more general perspective. Of course the usefulness of these techniques in any specific instance is con-
tingent upon the resulting equation being relatively more tractable than the original one. Whether this is the case
depends on the presence of some exploitable special properties which are brought to the fore by the transformation.

In the following we shall proceed as if @ consists of only one k-dimensional component. If £ has more than one
component then each component can be treated separately along the lines discussed.

4.1. Integration along characteristics

Characteristics are curves in (k +1)-space @XR™, spanned by the i-state coordinates and time, along which the
material derivative

Dn on

D +Vnv
reduces to an ordinary (time) derivative. These curves correspond to the trajectories of individuals conditional on the
non-occurrence of i-state jumps. Sometimes we shall be sloppy and identify these curves with their projections on €
which will then be called characteristics as well. When the time dependence of the individual speed v through € is
explicitly given and the same applies to the relative jump/death rate «, the birth/reappearance rate b and the
(re)appearance rate by of p-mass at 9. &, then it is possible to obtain explicit expressions for n along these curves. If
instead one or more of the quantities v,a,b and b; are generated by the model we can still proceed as if they were
known. The result is a formula expressing n in terms of some as yet unknown functions. This expression for n is
equivalent to the partial differential equation from which it was derived. If we substitute it in the remaining part of
the p-equation we end up with an equation of a different type containing the same information. Obviously we may
only expect this new equation to be more manageable if sufficiently many of the quantities v,e,b and b, are specified
explicitly. The calculations from 1.3.4 provide a good example.

REMARK 4.1.1.: In the general theory of partial differential equations one sometimes refers to the characteristics as
curves in (k +2)-space, spanned by the i-state coordinates, time and n. Qur characteristics are projections of these
curves on (k + 1) -space.

Let 6 be a parameter which is equivalent to time, except for a temporary arbitrariness of its origin, then the
characteristics are defined by

dt dx

L= —_ = . 4.1.1
R ) @L1)
“the p-equation is given by

%_'tr + Tnv = —nVyv—an + b (4.1.2)
then along the characteristics

dn _dnodiooodv o

a6~ o d6 T V"a T e TV
and therefore

dn

an . . . 4.1.

20 n(Vv +a)+b i (4.1.3)
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This equation is linear, and allows the explicit solution

] ] []
n(6) = nOexp(— [ (Vv + a)dd)) + [bexp(— [ (T + a)d)db; . (4.14)
0 0 8,

If for example we choose points of 9, Q as initial conditions for (4.1.1) we can calculate n(0) from the corresponding

- PRy . . L]
side condition. The dilation factor exp (— 0/ V-vd6,) describes the result of the contraction or expansion of the con-

. . 0
veyor belt in the course of its movement, the factor exp (— 0{ adb)) describes the cumulated local relative loss of p-mass

through jumps or deaths and the term after the plus sign consists of the cumulation of the various additions to the p-
mass after accounting for the changes undergone during transport.

Of course points on 9, Q provide only one possible starting point for the integration of (4.1.2) and (4.1.3). The
calculations in I1.10 for the cell proliferation model from 1.4 (see exercise 4.1.5 below) show for example that it can
also pay to consider starting points inside Q.

In 1.3.4 we substituted the result from our integration along characteristics into the side conditions to arrive at a
renewal equation. The end result of the calculations in I1.10 also was a renewal equation. The example below shows
that renewal equations are by no means the only possible end result. (In chapter IV we shall discuss in detail the i-
features that allow p-behaviour to be captured by a renewal equation.)

ExAMPLE 4.1.2: The invertebrate functional response. The p-equation for example 1.1 from section 1 is, in obvious
notation

dng(t,s —9fo(s)no(t,s
Oa(t ) = fO(ai ot — xgo(Hno(t,s) +
digestion starting pursuit (4.1.52)
Tu(s)

+ [ pmsndr + A-gm@sTet)  +ms0+)

Te

from abortive pursuits  from failed strikes  from finished meals

msn _ ZGDmEsD B s,
3 3s ar (4.1.5b
digestion / ingestion proceeding of time escaping prey

with the “transition condition” *
ni(t,s,7e—) = qni(t,5,7.+) [from successful strikes] (4.1.5¢)
and the boundary conditions

no(tsm) =0, (4.1.5d)
1 —as—l-iﬁr—’_m_b;Q Wy (,8, Tm(s)), = xgo(s)no(t,s) [from started pursuits], (4.1.5¢)
where
fols) = —as, sa=e Oc+ (e u/a,
<,
fils) = {_a_sa: Y= {2 for {,,>,,‘,
and

Tm(8) = 7o+ 1(5)

r, the total meal duration, 7, the duration of a succesful pursuit, and ¢ t}_xe search threshold, ie. g?i(s)=0ﬁ<;o1 s;s:t
'Ie'hese are two partial differential equations, in ¢ and one and two i-state variables. However, the second equation,

1t f R, then flx +): = lim /() and flx =): = Bm ), provided these fimits exist
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for ny, can be eliminated by integrating it along characteristics, leaving us with one partial differential equation with
delayed arguments. As we are especially interested in the calculation of equilibria (remember 1.2), and since at equili-
brium time delays drop out, this presents a considerable simplification.

The characteristics of (4.1.5b) are given by

——y (4.1.6a)
T=1—8 = 1(s0)—0 = 7, + T(s0) 0, (4.1.6b)
s =e sy + (u/a)l—e 20THEN (4.1.6c)

with 59 and 7y the intersection of the characteristic with 3. €, ((2) in figure 1.1). Given a value of (s,7) we can solve
(4.1.6b) and (4.1.6c) for s, and 4. Using these values we can express (so,7) in (s,7). For s

T>7, ¢ log(se)—7p(s0) = Te—ar + log(s), (4.1.7a)
<1, : log(so)—T,(s0) = 7, —ar + log{s —(u /a)1—e """}, (4.1.7b)

Our assumption that 7, is a decreasing function of s guarantees that these equations have a unique solution. For later
use we introduce the notation

51(5):= 50(8,7e) 5 52(5):= 50(5,0), 7= T(s) -

(Note that for the parameter values of a realistic predator s,(s)<<s, whereas s,(s)>s, and so(s, )>s for 7>r..) For
n, we find

dtp(s —(a — ) —
T>7 1 ny(t,s,7) = xgolso)nolt —mo + Taso)(l“aso—‘;"i;(—())‘)—l e @R
0

d'l',,, S To—T) = WTo =T,
T<Te i n1(4,5,7) = xgo(So)nolt —mp + T,so)(l-—aso——-—ds( o) y~! P ‘)(l—q).
0

Substituting this in (4.1.5a) finally gives

any(z,s) dasngy(t,s)
03! = a"s — xgo(S)no(t,s) + (4.1.82)

Tn(S)

1 agotsols, Dhmolt —7o(5,7) + 15005, )1 —asts, 1y S )

s )—le-(aw)(-ro(snr)—f)d,r +
T. 0

(1= g)gos1(5Mmolt =m(s) + Tess1 (N1 —asl(s)-——————d"”'ﬁi(s» )lel TR 4

Pgo(s2 (Mot 'Tz(s)ysz(s))(l‘asz(s)&i&)_le(a‘%(s)qm' ,

no(tsm) =0, (4.1.8b)
which is the sought result.

~

on n
Setting .B—z& = ( gives us an equation for the equilibrium n,. This has to be combined with the normalization
condition

fﬁods + fﬁ,dsdT =1 (4.1.9b)
% 8

Given 1y we can calculate 7, and from this the functional response F as
F(x) = [qhi(s,me+)ds . (4.1.9¢)
An easy way to calculate the integrals will be derived in example 4.2.4.

EXERCISE 4.1.3: Write the equation (4.1.9a) for ng out in full.

EXERCISE 4.1.4: Calculate the characteristics of the PPP-model from example 1.10. Also calculate the densities n, and
ny on , and ,, resp. on the assumption that the time course of no, the number of empty patches, and of the
numbers of the free searching, patchless prey and predators are known.

ExXERCISE 4.1.5: Under constant nutrient conditions the reproduction by binary fission model from 1.4 can be
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transformed into a renewal equation. Assume to this end that the division rate b is positive only on (a, 1) with a::-'-z",

Integrate the p-equation along its characteristic from 4 to 1, assuming n(a) to be known. Next do the same on {
N - 1

using the boundary condition n(7a) = 0 and the known n on (%a,a). Use the results

for n(t,a). (The answer to this exercise can be found in I1.10.)

1
Y XN
H
to derive a renewal equation

4.2. Transformation of variables

Integration along characteristics provides one way of transforming our p-equations. Another way is provided by a
change in i-state variables. An example of two p-equations which are thus connected can be found in excample 3.4.1,
Von Bertalanffy growth starting from zero initial size. Below we shall first discuss the reparametrization of the state
in general. At the end of this subsection the two ideas of characteristic and i-state reparametrization will be com-
bined.
Let y be the new i-state parametrization,
Yy = h@tx), x = gty) (“42.1)
where h and g are each others inverses with respect to their second argument, i.e. for all x,y R and all 1 0

x = g(th(t,x)), y = h(t,g(ty))

(42.2)
and let m be the corresponding p-state, then (by integration rule (i) from appendix A)
m(t,y) = n(tg(t,y))detDy gty)] . 4.2.30)
Now let n satisfy
-3%)- + Ve (@tx)n(tx)) = —a(t,x)n(t,x) + bt,x). (4.2.4)
For m we have the corresponding equation
MY 4 G wlymiey) = ~BEyImEy) + elty) (4235)
The question is: what is the relationship between the various terms in these two equations?
We start with v and w. On the individual level we have
w(t,y) = % = 7‘;’- h(t,x) = th(t,x)% + D,h(t,x)
= D,h(1,g(tp)v(tgty)) + Dih(t,g(ty)) (4230
or equivalently
= [D,g(ey)] ' (g y) ~ Degty) 4230
Here we used
0 = Dih(t,g(ty)) + Dih(t.gty)Digty) 4.25)
(note that the differentiation for 7 in the first term only applies to the argument of h!)and -
I = DhGgty)Dgy) @

obtained from differentiating (4.2.2) for ¢ and y respectively. ' . '
To find the transformation for a and b we use dimensional considerations. The dimensions of ¢ and B are both
time~!. Therefore w0
B@.y) = at,g(ty)) -
. N as
The dimension of b is (number of individuals) / (i-state volume X time). The factor transforming i-state volumes W
|detD,g(1,y)| ™" (compare (4.2.3a)). Therefore
() = blr,g(ty)|detDyg(6y) '
ate C to
(Obviously, if b has to be calculated from some integral over x, we also have to make the appropri hanges

(4.2.3)
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transform this into an integral over y.) Boundary conditions transform in an analogous way: To calculate ¢, we have
to multiply b, with a factor expressing how a length element of 8., Q, relates to a length element of 3., Q,

* INTERLUDE 4.2.1: An algebraic check of the transformation rules.
We start with the case of time independent g and h. Multiplying (4.2.3b) with |detD,k| = |detD,g|™"' gives
B b GetD |V, o) = —an + b
So all we have to show is that
V(vn) = |detD,h|V,(wm) . 42.7)

To simplify the notation we shall assume from now on that detD,4>0; the case detD,#<<0 only necessitates some

selfevident changes in the calculations below. We start by observing that n(x) = m(h(x))detDh(x). Therefore, by
the chain rule

Vivn) = ; g?;(vi(X)n(x)) = § ngj[Vi(g(V))M(Y)deLth(g(}’))]-ggL
This should be equal to

detD, h% [(D hEO));vigNmy)] -
To show that this is the case it is sufficient to show that

? —)Ij(deLD h(g(y))—-L = detD h2 (D RO ' (42.8)

(just differentiate the products inside the square brackets and concentrate on one value of i only). Applying the chain
rule once again we find that (4.2.8) is equivalent to

gk _L - 3%h; 8g
2 (2 (deLD DFs ) detD,h 2 -——J——ax,axk 2, - (42.9)
ng

ah.
Since, from (4.2.6), > —>— By, 3% equals 1 or 0 depending on whether i = k or not, the left hand side of 4.2.9)
i Y

reduces to #(dew,h) , which equals (see appendix A)

oh;
— L
E ana [cofactor ™ 1.

But since D,g and D,k are each others inverses

-1 —Ly =
(detD,h)~! [cofactor Bxk] [Dygl; = 3yj .

In the time dependent case we get on multiplying (4.2.3.b) with detD,h
de:thh(-a—a"1 + V,(Dyhvm) + Y, (Dhm)) = —on + b
By the same calculations as before we find that
Y, (Dehvm) = Von .

So it remains to show that

detD,h(a—”‘ + V,-Dihm) = an (4.2.10)
ot ot
Differemiating n(t,x) = m(t,h(t,x))detD, h(t,x) for t gives
adetD, h

—-é-t- = ( + V,m:Dh)detD;h + m ”

Next we observe that (see appendix A)

3 = _.L_ .__L = _Oh B _
a detD;h E [cofactor ] detD. hE Sxgdx, dy,
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3 ok
delDH3) 5 (5 (8(ty)) = GeD:hV, Dihlsg(t.y)
J J

Hence

on _ 9
B = deDh(E + DRVym + m, D)

which is equivalent to (4.2.10).

We have considered here the most general case, where the transformation relating x and y may be time dependent.
One reason to use a time dependent i-state parametrization may be that this way we can sometimes bring equations

which are time dependent into time independent form. However, time independent i-state transformations are more
commonly called to help.

When v is time independent an often useful (re)parametrization is given by the parameter 6 indicating position
along a characteristic as in subsection 4.1, in conjunction with some (k — 1)-dimensional variable £ indicating where
this characteristic enters Q through 9., Q (see fig. 4.2.1). If there are no i-state jumps and all newborns necessarily

start at 04 Q,0 is just what we call age. The map g:(8,£)~x from (4.3.1) for this parametrization obviously has to be
defined by

% = v(g), withg(0,8) = x,(f). (4211

The great advantage of this choice of parametrization is that g is filled with nothing but parallel ordinary conveyor
belts roling at unit speed, and distinguished by the parameter §&. This is not only an easy image to deal with, it also
makes for easy algebra and easy numerics. (In the next subsection we shall consider the generalization of this idea to
the case of time dependent v. There we shall also check algebraically that the transformation defined by (4.2.11)
indeed has the desired properties.)

QN 8t Q,

.

Figure 4.2.1 Reparametrizing the i-state x with the time 6 needed to move to x along a characteristic s.uming at
xo(£)€d+ Q,, and a parameter £ indicating position along 3. 9,. (The distance between the arrow points on the
characteristics is supposed to correspond to one time unit.)

—

6 ——

EXAMPLE 4.2.2: Size dependent reproduction in ectothermic animals. In L3 we have alrea(iy seen how forl this ?'m:“f’::
under constant feeding conditions integration along characteristics could be used to arrive at a renewal cg;lz; e1':1‘) for
the population birth rate. The parameter 6 characterizing posi.tion along the chfiractenstlc in .thxslc;iel‘a/as b m:ﬂsc
age. For animals born after ¢ = 0 the age-length relation is given by the function L deﬁnled.m ( mh d). he imverse
of this function was called A. (see 1.3.4.11). If we define a = A(l) also for characteristics which do n
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3+ @XR™ (but at 2X{0}), we can write an equation for the age distribution as

m _ _dm_
m (4.2.12)
m(0) = 7 A(L(a))m(a)da

0

EXERCISE 4.2.3: Derive (4.2.12) from (I.3.2.1) and vice versa.

EXAMPLE 4.2.4: The invertebrate functional response. If we apply the procedure indicated above to the predators busy
handling prey from example 1.1 we get

o= B o,
mi(s,1,(s) + ) = gmy(s,7,(s)~) (4.2.13)
mi(s,0) = xgo(s)no(s)

At equilibrium

xgo(s)no(s)e ™M for 0<,(s)

. 4214
s, xgo(s)ig(s)ge H*  for 6>1,(s) ( )
Therefore
Sm
Jhydsdr = [ Fy(s,0)dsdf = [ Ao(s)xgo(s) ™ (1—e T**) + e 7" Vlds
Q,, D, 0
making (4.1.9b) reduce to
Sm
[ Ao + xgols) (' (1—e O + 7,075 = 1. (4.2.15)
0

The factor following xgo(s) can be interpreted as the mean time a predator spends on sighted prey. p~'(1—e *7*))
represents the mean time spent on pursuits, both the successful and the unsuccessful ones. ge * %) is the probability
that a prey that is sighted is also caught.

The functional response can be calculated from

c

Jaini(s,mp()ds = [ xgols)ge **Oho(s)ds . (4.2.16)
0

In the following exercises we shall not only effect a transformation of the i-state of the PPP-problem in the manner
indicated above, but we shall also replace the partial differential equation in three variables, 1,x and y, for the predator
patches by an equivalent pair of partial differential equations in two variables only. This transformed system forms
the starting point of the calculations by Sabelis in part B.

ExERCISE 4.2.5: Transform the p-equation, including boundary conditions, for the predator patches by replacing the
variables x and y by the variables 6,, “age” of the predator patch, and §, the value of x at which the first predator
arrived. Give also a formula for the rates R and S at which free searching, patchiess prey and predators are produced.

ExeRrCISE 4.2.6: Transform the p-equations for both the predator and prey patches by replacing for the prey patches
the variable x by 6, the “age” of the prey patch, and for the predator patches £ by 6,, age of prey patch at which the
first predator arrived. Give also formulae for R and S.

EXERCISE 4.2.7: Replace 6, from the previous exercises by the time 7 till the predator patch ceases its existence, due
either to resource exhaustion or extinction of the prey. Again give formulae for R and S.

Exercise 4.2.8: Let R and S in the previous exercise be calculated as

R = [0(81)my(6,,0)d6, + my(@m)%m , S = [o(61)m1(6:,0)d0, , 42.17)
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where m, denotes the density function over 5, and m; the density function over Q.. Now define
(1) = [p(6y) my(6,,7)d6, , s(r) = [o(8))m(8,,7)db, . (4.2.18)

Derive partial differential equations and boundary conditions for  and s.

Observe that the equations for n,, the number of empty patches, my,r and s together form a complete state space
m'odel for the within patch “black box” as far as the calculation of R and S is concerned. If we couple these equations
with p-equations for the free searching prey and predators the end result is a complete, autonomous model. The
course of the state of this reduced model over time is sufficient information to calculate the time course of the state of
the original PPP-model from an integration along characteristics.

4.3. Following cohorts through time

When v does depend on ¢, implicitly or explicitly, the characteristics in  are no longer constant curves but change
over time. Yet, if newborns only start at 3, €, it may still be useful to characterize an individual by its age a and its
state at birth, again parametrized by §& The reparametrization connecting the i-state x of an individual to the charac-
terization of that same individual by a pair (a,£) is necessarily time dependent i.e. the map g:(a,4)~x depends on .
As g plays an essential role in the determination by a and £ of any x-dependent quantities like individual birth rate,
the mechanism by which the frequency distribution m over the space @, of reachable (a,£)-pairs changes is time
dependent as well. If we want a description of our p-system in which any time dependence is as usual accounted for
by a dependence on the p-input we have to include g in our population description as a necessary adjunct to the fre-
quency distribution m. Together the pair (m,g) indeed qualifies as the p-state of yet another alternative representation
of our population. The differential generator of the corresponding p-system then consists of a differential equation
which updates m plus a differential equation doing the same job for g. We propose to call this idea after its origina-
trix the Murphy-trick (Murphy, 1983a).

The differential equation for m, given g, can easily be written down from first principles. The differential equation
for g can immediately be written down by observing that a may be considered a position along a conveyor belt mov-
ing with speed one. Following a point on the surface of the conveyor belt corresponds to following one individual
through its life. If we follow a representative individual born at ty in state xo(f) and having state x at time
t =1ty +a

de _dg _ 3%, %

gltota,a,8) = x(a,xo,t0) and - da o1 %

Since also
e = v(tg+a,x),

we have
9% % _ = 43.1
o aa 48 80:8) = xo()) - @3

(NB (i) when dimQ>1,g is vector-valued, (ii) the combined equation for g and m will in general be nonlinear)

REMARK 4.3.1: In our above exposition of the Murphy trick we restricted ourselves to individuals born after t = 0.
The individuals present at ¢ = 0 can for example be described by their state at 1 = 0 plus (an ana.logl.xe of) the func-
tion g telling their state at ¢ in dependence on both # and their state at £ = 0. The two sets of coordnfat‘es, £and a,
and state at ¢ = 0 and ¢, have in common that they are especially adapted to integration along characteristics.

EXAMPLE 4.3.2: Size dependent reproduction in ectothermic animals. 1f food density x is not constant the analogue of
(4.2.11) - (4.2.12) becomes (NB g in (4.3.2a) corresponds to v from (4.3.1))

al |, A _ - (4.3.22)
oL of _ 10) =1,

o a gx.), © =1

m | dm for I(a)<I(x) , (4.3.2b)
ot da

m(a) = 0, for i(a)>I(x) ,

m(0) = f Ax,l(a))m(a)da (4.3.2¢)
0
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One reason to call attention to the Murphy trick is that it seems to hold considerable potential for the develop-
ment of numerical procedures for coping in a uniform way with a large class of structured population models. A
second reason is that Murphyzed equations often provide a good starting point for further transformation procedures
like “linear chain trickery” (see e.g. Nisbet, Gurney, Blythe & Metz (1985); IV 5.2 and the contribution of Gurney,
Nisbet & Blythe in these notes introduce the concept for age resp. physiological age dependent models.) The final,
and most important reason is that it enables us to cope in an easy manner with situations in which the p-distribution
is concentrated on some lower dimensional manifold in , as discussed in section 5.

* INTERLUDE 4.3.3: The algebra of transforming to age and i-state at birth
We follow the notation of subsection 4.2, with some minor adaptations. So A(z,x) denotes the inverse of g(t.a,%)
with respect to the last two variables, i.e.
@ = h.gha ).
From (4.2.3a2)

m(t,a,8) = n(t,g(t,a,§))detD , y8(1,a,4)
and from (4.2.3c) the speed in the (g,§) plane equals

w(t,a,8) = D,h(v~%5;—) .
But )
- 9 -
Dih = (Dug, Deg)™' = (=25, Deg) ™",

where the last equality follows from (4.3.1). Therefore

dg; 1 fori=1
—aly =
?(th)ij(vj a )= {0 for i1

EXERCISE 4.3.4: Derive (1.3.2.1) from (4.3.2) and vice versa.

EXERCISE 4.3.5: Murphyze the cell kinetics model from example 1.4. Also derive the ordinary p-equations from the
Murphy-type equations. Assume that the division rate b is not time dependent.

* ExeRCISE 4.3.6: Formulate possible converses of interlude 4.3.3.

EXERCISE 4.3.7: How should the concept of Murphy equations be extended to cover the cell kinetics model from 1.4?
Write down the Murphy equations both for the probability per unit of time and the stochastically predetermined size
assumptions about the division process.

Hint: There are two possible approaches. One is to keep the characterization of individuals by age and i-state at
birth. In that case one should follow the lead of exercise 4.3.5 and as the last step integrate over the spurious variable
age. The other possibility is to use a quantity analogous to @ from the previous section, as ones i-description.

8 = h(x) can for example be defined as the age a hypothetical individual that started at 9., € would have if it now has
size x.

5. About delta-functions and related topics

In section 3 we already mentioned a few times that some of the formulae there were not completely general, unless we
allowed the expressions involved to contain delta- “functions” to represent sharp localized effects in a formalism that
otherwise only allows smoothly distributed ones. In such a formalism delta-functions are the natural representations
of point masses versus mass densities, instantaneous death probabilities versus death rates, etc. In this section we shall
subject this suite of ideas to a closer scrutiny.

The main advantage of the delta-function formalism is its conciseness and unifying generality. This also makes the
delta-function formalism an ideal tool for expressing our biological assumptions. The penalty which we have to pay is
that in each specific instance we have to find out what the formalism exactly means for our equations, i.e. we have to
translate our formal expressions containing delta-functions into less slim looking but concretely manageable ones. In
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thi . . .- .
§ section we shall give some of the rules for achieving this. We shall mainly concentrate on the one-dimensional

case. Only in the last subsecti m
on we sh i i i i
o o all demonstrate by means of examples the extension to higher dimensional i-

3.1. The delta function formalism

‘I)lidlhefe ;otes we shall t.a.ke the line Fhat delta-functions are terms that we put into formal integral expressions in
T to have one formalism for quantities which in conceptually related cases can be calculated as classical integrals,

but not in the case under consideration. For such a line to make sense the two kind of cases should at least be related

EXAMPLE 5.1.1: If we define for ¢ € Ccl—-1,1],
fle) = fe(x)w(x)dx , (5.1.1)

?vhere wis somfe integrable weight function, then f defines a continuous linear map from C({—1,1]) to R. Such a map
is called a continuous linear functional on C([— 1,1]). Unfortunately not every such functional can be represented by
(?.l:l) fc?r some w. The linear functional go(c) = ¢(0) provides an immediate counterexample. However, go(¢) and
similar linear functionals can be obtained as limits of expressions of the form (5.1.1). For example, let

-;‘i forx e (=i™',i7h)
wilx) = 0 elsewhere ’ (5.1.22)
then
golc) = ilvi.xg Je(x)wi(x)dx . (5.1.2b)

The formal limit" of the sequence w;, and of any other similar sequence, like

_ [2%(7 " =x) forx € (0,i7")
wix) = 0 elsewhere ’ G.1.22)

such that (5.1.2b) holds for any ¢ € C[—1,1], is denoted as §, so that we may write

8olc) = fe(x)d(x)dx . (5.1.2¢)
As an indication of the power of this formalism we write for a e(—1,1)

8y(x) 1= 8(x —a), (5.1.3)

8al€) 1= [e(x)Ba(x)dx (.14
which implies

8a(c) = c(a). (5.15)

For a = =1 (5.1.3) is no longer well defined (to see this consider the two sequences (5.1.22) and (5.1.2a): for the first
sequence (5.1.2b) would give us g,(c) = 5c(a), and for the second sequence g,(c) = c(a)). In order to include these

cases as well we shall modify our definition of & to include the requirement that in any formula in which § occurs we
shall always confine the attention to weighting functions which have their support contained in [—1,1]. With this
modification (5.1.3) and (5.1.4) imply (5.1.5) also for a = *1.

REMARK 5.1.2: Delta functions are very much a scientist’s tool. The real mathematical objects are not the delta-
functions 8, but the delta functionals g,. The latter objects are the subject of the theory of distributions as developed
by Schwartz (1950, 1951) (see also Mikusinsky (1959), Gelfand & Shilov (1964), Rudin (1973), Tréves (1967) and
Yosida (1980)) which has the specific purpose to cope in a mathematically consistent way with delta-functions and the
like. However, we do not intend to make the connection with this theory here in any but the most handwaving
manner.

= For mathematicians only: Formal limits can be defined as equivalence classes of sequences, under the equivalence rela-
tion “leading to the same limit result in the formulae under consideration”.
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The simplest use of delta-functions in the specification of the p-differential generator is precisely in the manner of
the following example: the distribution of the “touch down” positions after an i-state jump is assumed to contain one
or more (multiples of) delta-functions.

EXAMPLE 5.1.3: Multiplication by division. The cell proliferation model from 1.4, where division was assumed to be
into two equal parts is but a special case of the more general cell division model expounded in section 3.3, formula
(3.3.3), in which f(§) = 8(6—%), leading to a birth rate at x of

1
[ 2687 au(Gn(5)d8 = day@x)n(2x) (5.16)
0

in accordance with (1.4.2.1).

Some slightly more subtle uses of delta-functions will be explicated in the next subsection.

3.2, Delta-functions and transition conditions

Life becomes more complicated when we write delta functions not explicitly under an integral sign but only implicitly,
like in the right hand side of a differential equation.

We shall start considering the case where a disappearance term an contains a delta function. Suppose we write
a=a + B8x—a) (5.2.1)

with oy bounded, i.e. we assume that apart from a bounded death rate we also have a concentrated occurrence of
deaths at x = a. The question then is how many deaths occur at x = a and what does (5.2.1) mean for the p-
differential generator? To answer this question we consider again the sequence w; from (5.1.2a) that converges to a
delta-function. To pass the interval (a —‘%‘c, a + %e) the individual needs a time € / |v(a)| + o(e)". During that time

the disappearance probability per unit of time is Se~! + O(1). So the probability of still being present aftér having

passed the critical interval is exp(— B8/ |[v(a) | + o(1)), or in the limit for ¢|0, for v(a)>0 (remember that ¢ denoted
the flux)

Ma+) = exp(—B/v(@)a—), (5.2.2)
or, since ¢ = vn ,
n(a+) = exp(—B /v(a)) n(a—). (5.2.3)

Some thought shows that (5.2.3) holds for v(a)<<0 as well.

EXERCISE 5.2.1: Show that the second result of the previous calculations is independent of the specific choice of the
sequence of weighting functions by which we represent 8.

Hint: Consider only positive weighting functions. Calculate an explicit expression for the probability of surviving

through an interval of length ¢ around g, ¢ fixed. Take the delta-function limit, and only then let €|0. (The answer to
this exercise can be found in example 6.2.3.

In the limit 7 is no longer differentiable or even continuous at a. So »n no longer satisfies a partial differential equation
in the whole interior of Q but only in the interior of the two subsets x<<a and x>>a. Conditions like (5.2.2) and
(5.2.3) that relate two subsets of & over a boundary at which ¢ or n makes a jump are called transition conditions. We
have already met an example of a transition condition in the invertebrate predator model where a strike led to an

instantaneous probability of escape as opposed to the escape probability per unit of time during pursuit (formula
4.1.5¢).

Another possibility is that the (re)appearance term b contains a delta function at a like
b(x) = by + cd(x —a). (5.2.4)
Applying the same reasoning as before we find the transition condition
Ha+) =¢a—) +c, (5.2.5)

* The notation y = o(x) (y = O(x)) means that y /x — 0 (y / x stays bounded).
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or equivalently
n(a+) =n(a—) + c/v(a). (5.2.6)

In the special case that a lies exactly at the boundary of 2, say the left hand boundary and v >0, and where there
is no influx of mass across the boundary, (5.2.5) reduces to

v(an(@a+) =v(@n@-)+c=c, (5.2.7)
where we rewrote the usual boundary condition in the absence of influx as

na—-)=0.
So the delta-function formalism unifies the two hitherto separate ways in which mass may (re)appear.

It may come as a surprise that taking limits in the defining formula of a p-differential generator may lead to side
conditions. However what really matters is the convergence of the associated semigroup (which we did not prove!)
and not the subtleties of the connections between semigroups and generators. A more detailed account of this problem
may be found in appendix 6A. A second manner in which what effectively amounts to a side condition was generated
through a limiting argument pertaining to the interior of {, can be found in exercise 1.3: A death rate € /(@ma —a)
naturally restricts age a to [0,apa). If we let € go to zero the restriction of a remains, but in the interior of £ there
are no visible remnants of the mechanism by which this restriction came about.

EXERCISE 5.2.2: In the age as well as size dependent cell proliferation model from example 1.4 assume that a stochastic
size threshold for division model applies like expounded in [.4.1, except that the division is only allowed to occur in
cells older than age a;. What does the p-equation look like? (Assume that the distribution of the size threshold and
the growth pattern are such that some cells already reach the threshold before age aj.)

* EXERCISE 5.2.3: One would like to have a good distributional interpretation of partial differential equations with dis-
tributional source and sink terms. However, this is actually rather complicated in the sink case. In the source case the
following calculations are illustrative.

Let n satisfy

—%% + —3% () = f(t,x)

with v independent of time. Derive a differential equation for the flux ¢ = vn. Solve this differential equation by the
method of characteristics on the assumption that ¢(xo) = b(z). Now let f(£,x)—>c(t)8(x —a). What does the formula
for ¢ become? In this case there is no problem with a distributional interpretation as ¢ is just the sum of a Heaviside
function and a smooth function, and the 8-“function” is precisely the distributional derivative of the Heaviside com-
ponent. (This also was the reason why we stated our results first in terms of ¢ and only afterwards in terms of n.)

5.3 Delta-functions in initial conditions

Often we wish to allow delta-functions as initial conditions. (For example, we may wish to start a predation experi-
ment with a population of totally satiated predators.) The natural way to do this would be to work with a p-state
space rich enough to contain such objects. (Of course such objects can never belong to the domain of the differential
generator as derived in section 3. Chapter II discusses how such a differential generator can still uniquely define a
semigroup on the total p-state space.)

* REMARK 5.3.1: The best move in many cases probably is to work in the space of Borel measures on £, provided with
the weak * topology derived from its interpretation as the dual of C(2). This space is just sufficiently rich to contain
all objects corresponding to even our wildest thought experiments, and nearness in the weak * topology is an immedi-
ate counterpart of being close as far as observations go. An example of this approach may be found in Heijmans’
treatment of our invertebrate predator example (Heijmans, 1984d).

However, often it is easier for technical reasons to restrict the p-state space to some space of better behaved functions,
like the Lebesgue integrable or continuous ones. One way to smuggle in delta-functions in such a framework exploits
the observation that usually the state jumps have a sufficient smoothing action for the delta-function to have disap-
peared among the “first generation” descendants of the delta-function wise concentrated “zero’th generation”. In that
case we can simply treat the zero’th generation as a separate entity.
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EXAMPLE 5.3.2: Assume that in the predator of 1.2.5, i.e. the predator wu.h negligible handling time, l\:ve stanblour
experiment with N predators at satiation sy, the maximum of the gut capacity. Than we can formulate the p-problem
as

ds .
@ - s 0) = S, .
= S8 SO =s (5.3.1a)
5= —x®), NO) = No
%—': = -——aa['-'— —xg(s)n + xg(s —w)n(s —w) + xg(S)N(S)(s =S —w)

5
—fm)n(sm) = [ xgls)n(s)ds + x(S>5n —w)xg(SIN (5.3.1b)
n(s,0) = 0.

where x(4) denotes the indicator function of the event between the brackets ( ie. X(S>s,—w) = 1if S>s,—w
and zero otherwise).

In example 5.3.2 we obtain a piecewise continuous first generation. If we wish continuity we should also keep the first
generation separate, erc. (provided g is sufficiently smooth).

Formula (5.3.1a) describes the fate of a delta function of initial size Ny when we follow it along a characteristic.

EXERCISE 5.3.3: Replace (5.3.1b) by a separate (formal) partial differential equation for the first generation distribution
and a further partial differential equation for the second plus higher generations distribution. Next replace the equa-
tion for the first generation by two partial differential equations on contiguous, moving, domains, coupled by a transi-
tion condition. Solve these equations by integration along their characteristics. This solution may be used to account
for the first generation in case we only wish to confine our dealings with p-states to continuous i-state distributions.

EXERCISE 5.3.4: Equation (5.3.1a) does not contain a dilation term. Such in contrast to the equations which we gf:t
when following the local behaviour of an ordinary p-distribution along a characteristic. Explain this phenomenon, in
connection to our definition of a delta function as a formal limit of a sequence of progressively more concentrated p-
distributions.
Hint: Ask yourself what happens to the sequence of weight functions from (5.1.2a) when they move along with the
conveyor belt.

EXeRCISE 5.3.5: How should the equations of the example from 1.3 (size dependent reproduction in ectothermic
animals) be modified if we start our population with Ny neonates?

3.4. Delta-functions in more dimensions

In the example we have already encountered a number of applications of the delta-function formalism in higher
dimensional state spaces, like the transition condition at the passage from pursuit to eating in our predator model. All
these examples had in common that the delta-functions were essentially one dimensional, i.e. they could be written as
a product of a delta-function in one direction times an ordinary function in the other directions (and the deterministic
flow v was transversal to those “other” directions). Higher dimensional delta-functions which are integrated over a
variable of the same dimension can be treated exactly as in the one-dimensional case. As a rule essentially higher
dimensional delta-functions do not appear in the sink term an. Our concern therefore should be higher dimensional
delta-functions in the source term b: these do not disappear but move on with the stream in the same manner as
delta-functions in initial conditions. We shall not try to give a general survey of all the possibilities but restrict our-
selves to two examples. (In both examples the delta-functions appear in the boundary condition at 8, £. The analysis

from subsection 5.2 makes clear that such boundary conditions can be interpreted as delta-function valued source
terms contiguous to the boundary.)

EXAMPLE 5.4.1: Size dependent reproduction in ectothermic animals, finale. Using the delta-function formalism the p-
equations for example 1.2 from the start of this chapter are

—aa—r-n(t,l,a) + %%1“"(‘,1-0) + %(g(x,l)n(l,l,a)) = —p(la)n(tla), (5.4.12)
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n(tL,0) = 8=l [ Ax,Iyn(s,,a)dida , (5.4.1b)
a

where (.5.4.lb) expresses the fact that newborns all have length /,. The action of the two dimensional conveyor belt

symbohzzd’ by (5.4.1 ?.) mo'ves the delta function appearing in the side condition (5.4.1b) bodily into the interior of Q.

The result is a one dimensional delta-function which lives on a line in two-dimensional space. This is nice as an image

goes but it does not help in analyzing our population model. It is here that the Murphy trick from subsection 4.3

brings relief: we project all p-mass on the age axis and introduce a separate equation to calculate the instantaneous
age-length relation. The resulting p-equation we encountered already as (4.3.2).

EXAMPLE 5.4.2: Colony size distribution in the diatom Asterionella, Till now in our discussion of this example we have
concentrated on the main sequence of colony sizes 2¢, k = 0,1,2, - - - . However, other colony sizes do occur even if
relatively rarely. Since synchronous division is fairly well documented this must be due to a breakage mechanism in
which the bonds are less than completely dependent. This is also in accordance with intuition. If we wish to relax the
assumption of complete dependence we are left with a staggering choice of possible mechanisms. As the observed
colony size distributions are the only data available on which we can decide between the various alternatives it is of
no use to explore even a moderate range of possibilities. We shall therefore only consider the extreme opposite of
complete dependence as a possibly useful null-model and assume that the bonds break completely independently.

If the bonds are not completely dependent there is no longer a one to one correspondence between the age of the
youngest bond and cell age. Therefore we introduce a different parametrization of the i-state space. To this end we
observe that in a colony the bonds are ordered in a linear sequence. So we can choose as an i-state the cell age aq
plus the ages a; to @, of the various bonds counted from left to right. Here we may think of “left” and “right” as
being determined by which of the two observationally indistinguishable flat sides of a colony happens to be up when it
is put onto the microscope slide; the arbitrariness of this procedure does not matter as the breakage and division
mechanisms are necessarily invariant under the operation of flipping over a colony and all its descendants. The

corresponding p-state is denoted as n, . (ag,2y, * " *,q,), r = 0,1, - - - (r + 1 is the colony size), with the convention
that n,.(ag,a1, - - ,a) = n11(ag, a,, " - - ,ay).
If we denote the age specific division rate as d and the bond-age specific breaking rate as b we get as our p-equations
9 r o on r
P S T = —d@gn = S, ban (5.4.22)
o =0 % =1
© ©
+ 3 [ [ b@) Inaoan ccanaa,cLa)
jErvr o0
+ 4 1(ag.a,, - 00,84, gl da, 4y 0 dyy
with the side conditions
o
8(a))d(as) - - - s(ar)fd(ao)"(r-fl)/z (ag,az, = * *,a@,-1)ay forr +1 even
0
n10ay, - a) = (5.4.2b)
0 for r +1 odd .

Just as in the previous example the delta-functions are moved bodily into the interior of . Q along .the lines
a, = a, =.. = a,. While moving they decrease in size due to bonds breaking, at the same time spawning lowejr
dimensional delta-functions corresponding to the fragmentation products. (This picture may seem hopelessly compli-
cated. Yet, in chapter IV we shall extract some information from this model albeit by totally different methods.)
EXERCISE 5.4.3: Try to rewrite this model without using delta-functions. Introduce to this end a special notation for
the p-masses on the various diagonal planes supporting delta-functions, and write equations for the movement of all
these separate components of the p-state.

(Hint: we didn’t dare try doing this exercise ourselves!)

6. Limiting processes and model simplification

6.1. Introduction: the role of limit arguments

Structured population models are considerably more resistant to mathematical analysis than their nonstructured coun-
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terparts. A mathematical toolbox for dealing with these models is only on the verge of being developec?. Chapters 11
IV, V and VI give some indication of the state of the art. Numerical work also tends to bg extremely time f:onsumj_ni
except in certain special cases (see eg. the contributions by Goudriaan and by Gurney, lebet‘and Blythe in part .B)
Finally these models generally are relatively parameter rich which poses a problem to the experimental and theoretica
biologist alike who respectively have to supply the parameter values for particular app]ica.tions or shc?uld explc?re the
parameter space to get a general idea about the possible dynamics. Therefore, when the initial modelling stage is ove
it is of the utmost importance to simplify one’s model as far as possible. How well a simplification performs shoulc
be judged mainly on the extent to which the connection between population phenomena and individual mgcha.nisms i
preserved, i.e. a good simplified model should match the original model’s prediction to an extent determined by the
application in mind while at the same time keeping to the essentials of the mechanistic assumptions of the origina
model.

The main simplification technique is through limiting procedures. That is, we observe that some parameters ar
small or large relatively and then consider a limit in which these parameters are set equal to zero or infinity. In thi
final section we shall give an indication of some of the possibilities.

Some examples of limiting procedures we have already encountered in section 5: our approach to delta-functions
was essentially through appropriate limit arguments.

EXAMPLE 6.1.1: Multiplication by division. In this example we let the density f of the relative size after division ¢
approach 6(0—%). The resulting limit model may be a good approximation if the variance of f is small as it usually

is. It both has fewer parameters and allows an easier calculation of the stationary size distribution.

There is one snag. In the practically important special case of exponential individual growth the limit model allows 2
unique stationary size distribution, but the population does not converge to it in the course of time, (see ILI11),
whereas for nonzero variance of f such convergence does occur, (see VL5 and Heijmans (1984b)). Still the stationary
size distribution for the limit model can be shown to be a good approximation to the stationary size distribution for
small variances. (But the lack of a smoothing action in the limit model may well play havoc with some numerical pro-
cedures for dealing with nonlinear variants of the model.)

The example shows that there may be various subtleties involved where it comes to the convergence of the associ-
ated semigroups. In the case of exponential individual growth the semigroup certainly cannot converge uniformly for
all positive time. Appendix 6A gives a short introduction to the mathematical aspects of the convergence problems. In
the main text we shall confine ourselves to formal calculations, while stressing the biological side of the argument.
Nowhere shall we deal generally and in depth with the kind of pathologies sketched above. But we trust that our intui-
tion will tell us how to deal with them in any specific instance.

6.2. Time scale arguments
Time scale arguments provide one of the most, if not the most, important ways of simplifying models.

EXAMPLE 6.2.1: Size dependent reproduction in ectotherms. In the model of this name from chapter I we assumed even-
tually that individual food supply x was coupled dynamically to the p-state. For model parameters based on labora-
tory experiments with Daphnia magna it turned out that food dynamics was extremely fast compared to the population
reaction. Therefore in the numerical simulations we assumed that the (constant) food supply to the population & was
always in equilibrium with the feeding rate of the Daphnia population and the (linear) rate of food deterioration Sx.

This use of a time scale argument is completely analogous to that in ordinary differential equation population models
Some population state variables are assumed to have relaxation times grossly different from those of the remaining
state variables so that we can treat the slow variables as constants on the time scale of the fast variables, and the fast
variables as being permanently in equilibrium on the time scale of the slow variables. In the example the fast subspace
was one dimensional. An example with an infinite dimensional fast subspace is provided by our model for the inver-
tebrate functional response from 1.2, where we assumed the time scale on which the satiation distribution equilibrate:

u? be fast relative to the prey dynamics (and to individual growth; compare the use of the functional response in 1.3
size dependent reproduction in ectothermic animals!).

In structured population models it is also possible to use time scale arguments on the individual level, as a mean

o‘f lowering the dimensionality of the i-state space Q. An example is provided by the initial neglecting of prey handling
times in our invertebrate predator model.
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EXERCISE 6.2.2: Derive formally equation (1.2.5.5) from equation (4.1.8).

Below we shall consider three examples in which individual and population time scales are combined in a non-
trivial manner. The important message to be derived from these examples is that in such more complicated cases one
should carry out the simplification in detail rather than try to specify the simple model direct on an ad hoc basis.

EXAMPLE 6.2.3: Egg eating predators.
Consider an age structured prey population obeying the balance law

on on
= =
ot + % an, n(0) =b, (6.2.1)
where a denotes the relative death rate and b the birth rate. For the sake of the exposition we assume temporarily

that the only cause of death is predation. So, assuming as a start a simple law of mass action interaction we may put
o(t,a) = Ba) p(1), 62.2)

where p denotes the density of predators. 8 is an age specific vulnerability index (the variation in 8 with age may be
due for example to the differences in escape probabilities of differently aged prey).

Some species do only predate on individuals of a prey population which are in an early stage of their life cycle (e.g.
eggs or larvae or molluscs with a shell sufficiently thin to drill through). In that case B will differ from zero only for
0<a<e, where ¢ is small. As an idealization one may want to put € = 0, i.e, only individuals of age zero are vulner-
able to predation so that, effectively, predation only affects the rate of recruitment to the prey population. This idea
was first introduced by Gurtin & Levine (1979), who just made an ad hoc assumption about the predation effect on
recruitment, not based on any more detailed model for the predation process. This assumption was later criticized by
Thompson, DiBiasio & Mendes (1982). However, the alternative which these authors proposed was equally lacking a
mechanistic basis (they argued as if they were concerned with numbers whereas they were dealing with rates). The
right formulation from a mechanistic viewpoint is contained already in the general arguments from section 5. In order
for the predation effect not to become negligible when € goes to zero we have to assume that the integral of 8 stays
equal to some constant, say 6. Then B itself converges to # times a delta-function at zero, and by (5.2.3) we arrive at

n(0+) = bexp(—6p), (6.2.3)

which is the correct recruitment rate as modified by “egg predation”. The factor e =% is the probability that an egg
survives the predation window, the risk of succumbing to predation being 1—e~%. The quantity § measures the
intensity of the predator prey interaction. It can be interpreted as the effective “deadly” area/volume surrounding one
predator (remember p was the number of predators per unit of area/volume).

Before going on to the next step, the incorporation of a functional response, we shall derive (6.2.3 ) again from first
principles, as we need the intermediate steps at a later stage. We start by setting

Ba)=e¢"'Ya /e,

where ¢ is some nonnegative function with support” in [0,1] and
1
f Hndr =48,
0

to express the fact that 8 may only differ from zero on [0,e], and that [B(a)da = 6. Integrating (6.2.1) along the
characteristics (see section 4) gives

a aje
n(t,a) = b(t —a)exp(—f € e/ p(t —a+a)da = b(t —a)exp(— f $np(t —a + en)dr),
0 0 .

which on taking formal limits for ¢/0 reduces to
n(t,a) = b(t —a)exp(—bp(t —a))

for all a>0. Taking the limit for a|0 final  gives (6.2.3) again.

The first who tried to modify Gurtin’s & Levine’s model by the incorporation of a functional response was Frauenthal
(1983). Again no mechanistic route was taken. Following Diekmann er a/ (1986) (who concentrate on cannibalism)
we shall now show how the previous derivation should be extended in this case.

We start assuming that

* The support of a function f'is defined as closure {x|f(x)¥<0}
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a(t,a) = Blap(H®(c) , (6.2.42)

where 0<<®(c)<1 is a reduction factor e.g. due to prey handling times and
L)
o) = [ h@)Ba)n(a)da , (6.2.4b)
]

where 4 is an age specific weight function e.g. describing how handling time depends on prey age (compare exercise
12.2.3). The well known Holling disk equation gives ®(¢) = 1/ (1+c) but other functions may be inserted. As before
we find for ¢|0 the recruitment rate

n(0+) = be %O (6.2.5a)

However, the calculation of the limiting ¢ for /0 (remember that § in (6.2.4b) was e-dependent) is a more subtle prob-
lem. From

! - j{(‘r)ﬂ(l —eo —er)®(c(r —eo—em))dT
e(t) = [ h(eo)(o)b(t —cole do
0

we obtain for €}0

1 ~p(l)¢(t(1))z {(rydr h g())bgt ) -4
= do = 1 —e ~OPORe) ’
@) = h(0)b(r) oj {(o)e 7= p0B(c()) (e )

which we can rewrite as

c®e) _ b -t
—h—(%)l = La-emnno). (6.2.5b)
(6.2.5b) is a consistency relation: The left hand side equals the limit for |0 of /§°S(a)n(a)da®(c) which is the number
of prey eaten per predator per unit of time (i.e. the functional response), and the right hand side equals the total
number of prey eaten per unit of time divided by the number of predators.

The question remains whether for given b and p (6.2.5.b) defines a unique ¢. The biological interpretation requires the
left hand side to be an increasing function of ¢ which is zero for ¢ = 0. If, as in Holling’s disk equation, & is a
decreasing function of ¢ with ®(co) = 0 then a unique solution ¢ = c(b,p) exists (see figure 6.2.1) (It seems possible

in principle that several solutions coexist if the functional response is s-shaped but we did not pursue this complica-
tion).

/C § (C)/h[o}

/ (b/p)(1 _e®pP Q(C))

R —

c(bp) c—
Fig. 6.2.1: The determination of the quantity c(b,p).

In the case of cannibalism p corresponds to a certain part of the prey population itself. Thus one might take
oo
p = [ k(a)n(a)da , (6.2.6)
0

where k is an age specific index of cannibalistic tendency. (See Diekmann et al (1985) for a detailed analysis of this
situation.) If cannibalism acts indiscriminately among juveniles only, as e.g. in Tribolium (see Fujii (1978) and the
references therein) then 8 and & have the same support and moreover are constant on this support (or, if we make the
more general assumption that the juvenile period has a stochastic duration, 8 and k are both proportional to the pro-
bability that an individual of age a is still in the juvenile stage). In that case in the limit for €}0, p equals some fixed
constant times c. This special case is elaborated further in V1.3. Exercise 6.2.8 discusses, in the context of the next
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example, how the model should be modified when the coincidence between the vulnerable and cannibalistic classes is
less than exact.

EXAMPLE 6.2.4: Nursery competition. Technically this example is closely related to the previous one but the biological
process is completely different. We consider a larval biotope which contains a limited number of “safe places” (e.g.
spots to hide for predators or spots with abundant food). Larvae have to compete for these places. Those larvae
which are temporarily excluded from the safe places have an increased risk of dying. Using a time scale argument we
model this by letting the death rate depend on the fraction of the time that the individual is not in a safe place. The
latter quantity of course depends on the number of competitors m. So instead of (6.2.2) we put

a(t,a) = B(a)F(m) (62.72)

and identify (compare the discussion at the end of the previous example)
L]
m = f B(a)n(a)da . (6.2.7b)
0

Thus B describes the age dependence of both the activity in the competition process and the need for a safe place (in
principle these two could also be different, safe places being occupied by individuals who do not really need them),
and F describes how the death rate depends on the effective number of competitors m. (In the appendix to this sub-
section we shall derive an explicit expression for F from a mechanistic submode] on a fast time scale.)

With F at our disposal we may normalize B to have integral one. Setting again B(a) = ¢ '{(a /¢) and letting €/0 we
arrive at

n(0+) = be~Ftm (6.2.82)

m = (b /F(m))(1—e Fmy, (6.2.8b)
The consistency relation (6.2.8b) again allows a simple interpretation. To this end we rewrite it as

mF(m) = b(1—e~Fm)y

Both the left and the right hand sides now equal the number of larvae dying per unit of time.

The biological interpretation requires that F is an increasing function of m. This implies (see exercise 6.2.6 below)
that (6.2.8b) has a unique solution m = m(b).

Combining (6.2.8) with the usual balance laws for births and deaths gives the population model

Bn o, on _ — pe-Fm 9
or + Y wn, n(0+) = be s (6.2.9)

b= 7B(a)n(a)da , om = /Fm)(1-e ),
0

where B and v are the age specific birth and death rates.

In IV.1.3 we shall reformulate this model as a nonlinear renewal equation in b (see also exercise 6.2.7). In VL3 this
renewal equation will be analyzed for its dynamic properties.

EXERCISE 6.2.5: Derive (6.2.8b)

EXERCISE 6.2.6: Prove that for increasing F (6.2.8b) allows a unique solution.
Hint: First show that f(x) = (1~e~*)/ x decreases for x>0, and then appeal to a graphical argument.

EXERCISE 6.2.7: Convert (6.2.9) into an integral equation for b.
Hint: Introduce the function k defined by h(b) = be "F™_ m the solution of (6.2.8b). The answer to this exercise can
be found in IV example 1.3.1.

EXERCISE 6.2.8: An essential point in the argument in example 6.2.4 was that the vulnerability to competition and the
involvement in competition depend in exactly the same manner on age, as expressed by the appearance of the same

(=]
function 8 in both (6.2.72) and (6.2.7b). To see this set a(t,a) = € '{(a /F(m) and m = ¢~} f 1(a / €)da . For
0

€}0 we get again n(0+) = ¢ ~F in combination with an equation for m of the form m = bG(m). Find an expres-
sion for G. This expression will still contain a number of integrals. In order to arrive at an algebraic expression
assume that { is a step function which equals 1 for a<<1 and zero after, and that 7 is the same sort of step function
except that the step is made at 1 + 8, 6> —1. Calculate an explicit expression for G.
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EXAMPLE 6.2.9: The PPP-problem: the air plancton. Till now we have refrained from discussing the searching, patch-
less prey and predators. In the hints to the various exercises we have simply said that the overall densities of searching
prey and predators were to be denoted as P and Q respectively.

P and Q have to be calculated from an equation for the “air plancton”, to coin a phrase from Sabelis (these notes), i.e.
those prey and predator individuals that have taken the wing after their patch got exhausted. It seems reasonable to
describe these populations by an age dependent model, to describe the effects of exhaustion, desiccation etc. Assum-
ing that exhaustion only influences death rates, but not searching efficiency, we may write

P = [ pla)da, %’:‘ = —‘g%*ﬂp—fpno, PO =R, (6.2.10)
0

Q = [ qlaa, %‘,L = —%Z'—qu [ Gem Gz, g0 =5, (62.11)
0 0

(remember ng and n; were the densities of the empty and the prey patches respectively and x was the within patch
prey density), where R and S denote respectively the production of searching prey and predators due to patch exhaus-
tion. { is the rate constant of empty patch encounter by searching prey and 7 is the rate constant of prey patch
encounter by searching predators.

When p and { are both large (and continuous in their arguments) (6.2.10) can be simplified to (with some selfevident
abuse of notation)

{R

= —t 6.2.12
=+ ¢

and when » and 7 are both large (6.2.11) can be simplified to
_ 4
2 = —

Xem

W0) + [ m@mi©dé

i
(NB {P and nQ are precisely the quantities that appear in the p-equations for the patches.)
EXERCISE 6.2.10: Write the time scale arguments by which (6.2.12) and (6.2.13) are derived out in full.

(6.2.13)

6.2A. An explicit expression for F from the nursery competition model from example 6.2.4.

During our derivation the number of competitors is assumed to be fixed. We assume that the total number of safe
places is fixed at s. These places can be divided into occupied, s,, and empty ones, so. The number of competitors
temporarily deprived of a safe place equals m —s,, (i.e. we assume that a safe place can be occupied by at most one
individual). A law of mass action assumption now leads to
ds,
dt
which has the stable equilibrium

= —MAs; + psolm—s)) = —As; + ps—sXm—s1),

m+s+ A/ Vim—s—N/p? + 4A/pm

§1=

2
The number of competitors which has to do temporarily without a safe place is then given by
Hem) = m—§) = p{m—§ + Vin—§7 + pm) (6:2.A1)
where by definition
E=s+N/p, p=4\/p. (6.2A.1b)

Finally, we observe that the fraction of the time that an arbitrary competitor is unsafe equals the probability that it is
unsafe at any particular time, which equals H(m) / m. Therefore we put

F(m) = 6H(m)/m , _ (6.2A.1c)
where 8 is the factor introduced by normalizing 8 to have integral one.
In the following exercises some properties of F are derived which will be needed in Chapter VIL.3.
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EXERCISE 6.2A.1: Show that H(m) = {3 {m + -i;(]--f§-)m2 + 0(m*)} for m|0. Note that (6.2A.1b) implies that
1—L£ >0
4

EXERCISE 6.2A.2: Show that dH /dm = —RmLEp/4 -,
Vim —87 +pm

Hint: differentiate the quadratic equation for H.

EXERCISE 6.2A.3: Show that dH /dm<1 by first observing that dH(0) /dm<1 and then deriving a contradiction
from the assumption dH /dm = 1 for some m.

EXERCISE 6.2A.4: Show that d*H / dm? = 2dH / dm—-= dH /dm__

V(m — &7 +pm

EXERCISE 6.2A.5: S im PdH [dm —H(m) _ 1L p _p
how that l’i:lrg - 4P (1 4$)>0'

EXERCISE 6.2A.6: Show that mdH /dm— H>0.

EXERCISE 6.2A.7: Show that 4L = g4 /[dm—H _,
dm m2

6.3. Laws of large numbers on the individual level: the step from particulate to nonparticulate

A second type of limit argument that often comes in useful is related to the law of large numbers from probability
theory or the continuum approximations from physics. We have encountered this type of limit already in the first
example from chapter I, the invertebrate predator. There we introduced the assumption that the prey were very
numerous as well as very small. The result was an equation in which the jump terms were replaced by an additional
contribution to the continuous /-state movement, which we called the Rashevsky limit. Below we shall give one more
example to illustrate the idea.

EXAMPLE 6.3.1: Size dependent reproduction in ectotherms, 2nd finale. When treating this model in chapter 1 we
remarked that in our birth term

bn
b= [ ADnydl, gln) = b, 63.1)
0

we made the implicit and very unbiological assumption that all individuals in the population contributed infinitesimal
shares to a common pool from which the individual young are produced. Here we shall derive this, or rather a
slightly modified, birth term from a limit argument, showing that at least (6.3.1) can be given a mechanistic underpin-
ning. (Aldenberg’s contribution in part B shows, in the context of biological production calculations, that such hair-
splitting indeed has its uses!).

Since we wish to argue in energetic terms we shall in our arguments replace length / by weight w. Now consider
an animal that reproduces by forming buds of size wy. The p-differential generator for such an animal may take the
form

%’:— = —-—aa%—an + aw + won(w+wg) —pn , (63.2)

Wi

glwo)n(wo) = f a(w)n(w)dw .

wo

We now derive an approximating p-equation by letting wo decrease to zero. As a first step we observe that for the
same amount of energy spent one may make many small or one large young. Therefore we set a(w) = wq ' B(w). As
a next step we consider the jump terms in the differential equation,

—wy ! BwIn(w) + wg Bw + wodn(w + wo) .

Taylor expanding the second term gives for w0
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=05 BORW) + ! (BOIn() + e (Bn(eIwo + 0w = o BOIA(Y) + o1

Therefore in the limit for w0 the p-differential equation becomes

on

3
vl —W«g—ﬁ)ﬂ)”‘" , (6.3.3a)
which corresponds to the i-differential equation
a
= sm—Bw),

ie. the energy chanelled to reproduction is subtracted from growth.

At the boundary we get into trouble. First we have to assume that individuals can grow away from zero. (Our discus-
sion of the boundary 8y for this example in 3.4 shows how this is naturally the case for Von Bertalanffy growth).
But also the number of young born per unit of time explodes for wy|0. This can be repaired by the biologically rea-
sonable assumption that very small young have a much larger chance of dying in the early stages of their life than
large young have. To make things simple we shall assume that these deaths occur immediately after birth. The proba-
bility of “egg” survival we put equal to ywy. In that case for wy [0

gOn) = [yBw)n(w)aw . (6.3.3b)

REMARKS 6.3.2: (i) (6.3.3b) differs from (6.3.1) in the location of the boundary, J, in (6.3.1), 0 in (6.3.3b). In practice
this will not make a great difference if g is relatively large on (0, as is the case in the Von Bertalanfly growth equa-
tion used in our model formulation.

(i) For many invertebrates the chanelling of energy to reproduction happens in a manner different from that assumed
in (6.3.2): the weight of egg masses or their precursors cannot be lumped with individual weight. This means that we
have to introduce egg mass as an additional i-state variable. In the spirit of our previous setup we may for example
assume that this variable increases at a rate §, and that the animal reproduces as soon as the egg mass reaches a given
value which equals the clutch size times the mass of one egg. However, there is a certain risk in such an approach.
Once the course of the food density as a function of time is given, the course of the state of an individual is com-
pletely determined as well. This means that there is no spread in the size-egg mass plane among individuals in one
cohort. So we get into the same kind of trouble as we sketched for the age-size dependent model from example 1.2.
More important, however, is that the birth events of a cohort become completely predictable: the mean birth rate of a
representative individual becomes a sequence of delta-functions. Example 6.1.1 shows that such a non-smooth produc-
tion of offspring may entail a lack of convergence of the p-state to a stable i-state distribution. This is exactly the
kind of effects we have to be on our guard for when analyzing structured population models. In our simplified Daph-

nia model from 1.3 the smoothing action of the implicit randomness of the reproduction process kept any such trouble
at bay.

Exercise 6.3.3: Instead of pulling an egg survival factor out of the hat we can introduce an age dependent death rate
p such that p@)teo for a0, which we rig in such a way that the increase in the production of young when we let
wol0, is precisely compensated by a decreasing survival through the initial age interval. What should this p look like?

It is also possible to combine time scale arguments and “law of large number limits” in a more intricate manner
than was done above. For example Metz & van Batenburg (1985a) describe a limit for the invertebrate predator model
of the form, for the individual,

—Z‘% = —as + xgo(s)P(xgo(s),s) (6.3.4)

where s is again individual satiation and @ is a handling time correction factor as in (6.2.4a). And this is but one

more of the variety of possible limit arguments: we cannot describe them all, but we hope that you have got the taste
from our examples.

* 64. A justification for the limit arguments: the Trotter-Kato Theorem

In order to justify the limit transitions discussed in this and the previous section mathematically, we can sometimes
use a so-called Trotter-Kato theorem, provided we are dealing with linear equations all the way. Such a theorem
relates the convergence of differential generators (or, rather, resolvents; see chapter II) to the convergence of the asso-

ciated semigroups. Here we shall state a version which seems useful in the context of linear structured population
models.
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Let X be a Banach space. Let for all neN the closed operator 4, with (densely defined) domain %X4,,) generate a
strongly continuous semigroup 7,(z). Let X, be a closed subspace of X. Let T(t) be a strongly continuous semigroup
on X, with infinitesimal generator 4. Finally let D C6{A) satisfy: for all $€%X4) there exists a sequence y, €D such
that , —>y for n—oo(D is sometimes called a core for A).

THEOREM (Trotter-Kato). If for all ye D, there is a y, € NA,), n€N, such that y,—{, AL, —AY for n—co, then for all
to>0 and Y€ X one has

lim sup IT,(W—T@wll = 0.

n—oo 0=z

We refer to Davies (1980) and Pazy (1983a) for alternative versions of the Trotter-Kato theorem.

As an example of the application of this theorem we refer to Heijmans (1985), where the Trotter-Kato theorem is
used to justify the Rashevsky limit from 1.2.7.

A. Calculus in R", a short refresher

Al. Differentiation
Let f:X = R"—Y = R™ (or more generally let X and Y be Banach spaces, see II interlude 1.2). We call f (Fréchet)
differentiable at x if there exists a linear map denoted as Df{(x,) such that
Ifixo + 2)—flxo)— Df(xo)hll = o(llkll) for A0, (ALY
where [z[l: = (Ez,-z)% is the Euclidian norm in R” (or the norm of the Banach space of which z is an element), and
g(h) = o(llkll) := lig)Il / 1R 11L0 for ltANL0 .

The function Df: X—>8(X, Y):xDf(x) (where £(X,Y) denotes the space of continuous linear maps from X to ¥), if it
exists, is called the derivative of f.

Some rules applying to Df are”

(i) D(g(f(x)) = Dg(f(x))Df(x) (chain rule)

Df,
(ii) Ify = iIiIl Y; then Df = (componentwise differentiation)
D
(iid) IfX = ,_I:II X; then Df(x)L= ié D, feh; = (D1 f(x), - - Diefix)h  (partial differentiation)

Applying (ii) and (iii) to the one dimensional components of x and y gives

9x, 9x,
Df(x) = . . (Al.2)
axl 8x,,

This matrix representation of Df (x) is called the Jacobian matrix.

(4 1.2) allows us to identify Df with the map Df :R"—R™*", and define the second derivative of f as D%f := DDf,
and so on. (When X and Y are more general Banach spaces (X,Y) is supplied with the usual operator norm, see
interlude I1.1.2, to arrive at the same result.) The notation C(R2,Y) or C%(Q,Y), QCJX, is used to denote the space of
all bounded continuous functions f :Q—>Y provided with the normt

* We shall think of R” as a space of “column vectors”. 7 will denote transpose.
+ The concept of norm in essence is a generalization of the concept of length of a vector. A formal definition may be
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I1fllo: = sup [Fi€3]1 (AL.3)

and more generally CX(Q,Y) is used to indicate the space of all k times differentiable functions f :2—Y with continu-
ous derivatives up to the k’th, provided with the norm

k N
fle: = 3, sup D! fl (Al4)
i=0*€
When ¥ = R one generally writes C*(Q) instead of CK(Q,Y). (The spaces C¥(Q,Y) can all be shown to be Banach
spaces.)

For heX the directional derivative of fin the direction of / at x is defined as

Bflx) = lim € H(flxg + €h)—fixo)) - (ALS5)
When £ is differentiable in xo we have by the chain rule
9,f(x0) = Df(xo)h . (AL6)

A class of functions of special interest to us, as the p-states belong to this class, are the functions /:R"—R. In R"
we define the usual inner product

El

xy:=xTy = XY -
i=1

i

So llxl? = x-x. When a function u:R"—R is differentiable the transpose of its derivative Du is called the gradient of
u, and denoted as Vu. Thus the gradient is a column vector of partial derivatives

du

9x

Yu = (ALT)
du
ax,

and Duh = Vu-h and also 3,u = Vu-h (provided Vu is well defined).

A second class of functions of special interest as these comprise both the vector fields of i-state speeds in R”" as
well as the reparametrizations of i-state space, are the functions w:R"—R". For such a function w the trace of its

ow;
Jacobian matrix Dw = a—x' - is called the divergence of w and denoted as 7-w. So
i {i=1.,n
J Jj=han
n Jw;
Vw = - Al8
51 0 ¢ )

(Note that (A1.8) represents the recipe by which we calculate Vw; the definition V'w := trace (Dw) is just con-
venient for analytical purposes.) The determinant of the Jacobian matrix is known as the Jacobian determinant, or
Jacobian for short. It is also denoted as

a(wl’ T own)

b= dey(Dw (AL9)
a(xh "'7xn) )

(Note that the Jacobian matrix, the divergence and the Jacobian are all functions of x!) The so-called inverse func-

tion theorem tells us that w is invertible on a neighbourhood of x whenever det(Dw)(x)740.

REMARKS Al: (i) In the often used Einstein convention one drops the summation sign, while it is understood that
summation takes place over any repeated indices (like i in the last two summations.)

(ii) Often one writes X for vectors and W for vector valued functions.

(iii) The so-called Laplacian, occurring in diffusion equations, is the divergence of the gradient

X du

Au = V-Vu =
i=1 Bx,z

(AL.10)

found in interlude I1.1.2.
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A2. Integration

For functions defined on R" differentiation and integration are no longer inverse operations. Since integration of
vector-valued functions can be carried out componentwise we concentrate on functions f:R">R. The Riemann
integral of a function over a smooth simply connected domain £y, denoted as

S{ floydx = a{ Foolld>. (A2.1)

%s deﬁned in exactly the same manner as in the one dimensional case: cover §, with closed boxes with nonoverlapping
interiors with sides of length ¢ and let /7 denote the maximum resp. minimum value of f on the ith box, then

n{ﬂx)dx:=l{if(x)1€'2ﬁ* =1§f§<"2jr, (A22)

provided the two expressions at the right give the same value.

Riemann’s construction does not apply to unbounded functions. However, when f only grows beyond bounds for
x going t o the boundary of R we can extend the Riemann integral by calculating fq f(x)dx for a sequence of sets @;
growing to Q such that fis bounded on each &;, and taking limits.

An alternative integral concept, due to Lebesgue, is essentially based on a partitioning of the range instead of the

domain of f. It can be defined as, conditionally on the two expressions after the := sign giving the same value,
[ floydx := hlrgl S dM{xef | (i ~ )<f(x)<ei}) (A2.3)
Q0 < i=—o0

00
= ljfél > i —DM{xeQ | (i —D<f(x)<ei})
==

where A(B) denotes the so-called Lebesgue measure (“volume”™) of the set B. The dx under the integral sign now also
is interpreted as referring to this measure. The Lebesgue integral is more appropriate for our purposes as it allows a
larger class of functions, e.g. the unbounded ones, to be integrated (but at the price of having to define the function A
for rather complicated sets). For piecewise continuous functions on bounded domains the two integrals coincide so
that you can effectively think in terms of Riemann’s construction if you find that more convenient.

The notation L,(2), @ CR”", is used to indicate the space of functions f :Q—R such that

W == [ |flo)ldx < o, (A2.4)
Q

where the integral should be interpreted in the sense of Lebesgue, provided with |I-ll; as a norm, with the understand-
ing that any two functions f} and f, such that A({x€Q | f1(x)55f2(x)}) = 0 will be considered identical objects.
(The main advantage of Lebesgue’s definition of the integral is that with this definition L(R) can be shown to be a
Banach space.)

Under fairly general conditions which need not be detailed here (when doing specific calculations we shall always
confine ourselves, possibly implicitly, to such classes of functions that these conditions are certainly fulfilled) we have
the following rule for evaluating integrals
(i) f flx)dx = f f flx)dxy - - - dx, (componentwise integration)

P x,&B, x,€B,(x3,...X,)

where

Bi(Xi41500%n) = {2 | 2€QR, Zi41 = Xi+150Zn = Xn) .

Another rule which frequently comes in useful tells us how to deal with a change of variables. In the one-dimensional
case the transformation x = g(y) gives
'@

[ fee »dy (A2.5)
& (@
where we have to assume that g'(y):= Dg(y)50 for a<g(y)<b. This formula applies independent of the sign of
£'(y) due to the information contained in the order of the integration boundaries g7 !(b) and g "'(a). If we adhere to
the notation of an integral over a domain Qy we have to replace g (y) by its absolute value. This immediately general-
izes to the n-dimensional case except that the role of |g'(y)| is played by |detDg(y)], i.e. the absolute value of the Jaco-
bian of g. The rule then becomes

()  ffxax= [ figk) | detDg(y)dy
i £7'(®)

b
[ flodx =
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for any invertible differentiable function g.

Apart from integrals over a domain £, of R” we also need integrals over lower dimensional surfaces £ in R". An
example of particular interest are subsets of the boundary 3§ of the i-state space. Usually these surfaces consist of a
finite number of m-dimensional differentiable manifolds or “smooth surfaces”, joined together by a finite number of
edges, differentiable manifolds being defined as surfaces which locally can be represented as the image of some
differentiable map g:R™—R" which on its range allows a differentiable inverse *. In that case we can use the connec-
tion with R™ to define a Lebesgue measure do on 2. Below we shall demonstrate the idea for = one dimensional as
this is the only case for which we do concrete calculations. In that case one also speaks of line integrals, otherwise of
surface integrals. The calculations for general surface integrals are analogous except for some technical details.

Consider a 1-dimensional curve Z in R" which can be represented as g:R—R" with g differentiable and
Dg(t)#:(o,..,O)T for those values of ¢ for which g(¢)eZ. For £ we define

[fds= / flg@®) Ibg@)liar , (A2.6)
2 g @

where |||l is the Euclidean norm in R”. It is possible to show that this definition is independent of the choice of g.
By varying g it is only possible to move more slowly or quickly along Z, but the factor ||Dg(¢)ll makes that the points
on 2 get a proportionally smaller or larger “weight”. (The technical details of defining general surface integrals center
around the calculation of the analogue of this factor || Dgli.)

EXERCISE A2.1: Prove the assertion above.
Hint: choose a function g instead of g which can be written as g(r) = g(h(¢)) and use the chain rule and integration

rule (ii). Observe then that the assumption on Dg implies that any function g satisfying the same assumption can
indeed be written as g = g(h).

* EXERCISE A2.2: What would you expect to be the analogue of ||Dg(#)|l in the definition of a surface integral in R
(Hint: first concentrate on linear maps so that Dg and g coincide and use your intuitive idea of surface area). Gen-
eralize to (n —1)—surfaces in R".

Let £ be a domain in R" with a smooth boundary 3Q,. Then we can define at every point of 3Qy a tangent
(hyper) plane. The outward normal vector to this tangent plane with (Euclidean) length 1 we shall always indicate as ».

0Q,

tangent plane
Fig. Al

b
Using this notation the analogue of the R! formula f f (x)dx = f(b)— fla) for differentiable functions w:R"—R is
a
() [ vudx= [vudo.
) o,

In this formula the requirement that 3§, is smooth can be relaxed to piecewise smoothness.

ExaMPLE A2.3: Let Q) CR? be defined by @y = (x |x § + x§<r}. We shall parametrize 8Q with the angle ¢ as
X = rcos(p), x, = rsin(¢). In other words 3% is the image of the function g :[0,27)—>R?:¢->(rcos(¢), rsin(¢))”.

* With the notation g:R™—R" we do not necessarily mean that g is defined on the whole of R™ as we are interested
only in local properties.
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i

X

Fig. A2
Then Dg(¢) = (—rsin(¢), rcos(¢)) and |Dg(o)ll = r. Now let u(x) = )Jct.:then Vu(x) = (1,0)7 and

2
ﬂ{Vu(x)dx = [ﬂg l .

Since » = (cos(¢), sin(¢))” we have also

2 (cos(¢) 2 (cos?(¢) ar?
aé vudo = Of [sin(qa)] rcos(o)rded = r? f {Sin(tp)cos(qb)] do = [ 0 J .

0

If we apply (iii) to each of the components of a function w: R"—R", and take the trace of the matrices on both
sides of the equal sign we get

(iv) f Vw(x)dx = f v'wdo (divergence or Gauss' theorem).
0 3,

(Note that this is a relation between the integrals of two scalar valued functions, one on the interior of & and one on
9%.) The importance of Gauss’ theorem is that it tells us how to deal with mass balances in €.

EXERCISE A2.4: Let w:R?*—>R? be defined by w(x) = (x), x2)” and let Q be as in the example above. Calculate
both fv~w(x)dx and fv-wdo .
A o,

A3. Some useful relations from linear algebra: the differentiation of determinants

Let M denote the square matrix

LOR
M =ML 2 = (msemy) = | (A31)
mﬂ.
where a dot instead of an index means that index is still left free, so m; = (myy,..,m,). The i,/th minor |M;| of M

is by definition the determinant of the (n —1)X(n —1) matrix obtained by deleting the #’th row and ;’th column from
M. The cofactor of the i,/th component m;; of M is defined as

cofactor my; := (=) %/ |Mj; |, (A32)

So the cofactor of m;; equals the determinant of the matrix obtained from M by replacing the /'th column of M by the
J'th unit column vector (the /’th row of M by the ’th unit row vector), and

detM = 3, my; cofactor my; = 3, my; cofactor my; . (A3.3)
7 i

Finally the adjoint of M is defined as
(adjM);; := cofactor m; . (A34)
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If M is nonsingular Cramer’s rule tells us that

M~ = (detM)" adj M .

(A3.5)

The map det: (R")'—R:(m.),..,m,)—>detM is linear in its n vectorial arguments ;. Therefore differentiating

detM for m; gives
Dy, jdet(m.y,..,m.j,...m.,) h = det(m.,...h,...,m.;,)
and from detMT = detM

my, m,

hTD,, det |m; | = det |AT

my, my,

Finally, by setting 4 equal to the /th unit column vector in (A3.6) or direct from (A3.3)

ddetM  _
——— = cofactor my; .
Im;;

When our matrix M is a function of a single variable ¢, by the chain rule

le

d _ dm;
& det M(t) = 2 det |

Now assume that

aM
i B(H)M .

) ] ) dm;
This relation can be rewritten as _dti = 3 by my; or
k

dam;
"j = % by my

and therefore, by the chain rule

mi—i,.
d.
d;:M = 2 % by det |my = S b; det M = trace B det M .
i i
M +15.

my,.

(A3.6)

(A3.7)

(A3.8)

(A3.9)

(A3.10)

(A3.11)
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B. Stochastic continuous i-state movements

So .far we have excluded stochastic i-state movements from our considerations. The specification from first principles
of i-models incorporating this type of movement requires a considerably greater insight in the detailed processes in
and 'around the individual than we usually have, and we know of no model today in which a less than superficial con-
nection with experimental data is made. Yet, as argued in remark 1.7, the incorporation of continuous stochastic i-

state movements in our models may provide a description considerably closer to the actual biological mechanism than
some of the ad hoc probabilistic postulates introduced earlier.

If we confirm ourselves to one-dimensional i-state spaces then, in the absence of jump contributions, the p-

diﬁel:cntial generators can be shown to be (see e.g. Cox & Miller, 1965; Goel & Richter-Dyn, 1979; Arnold, 1974;
Karlin & Taylor, 1981 or Wong & Hajek, 1985)

o _ _ 3 19
= Sun + 8yn = -—E;(vn) + 'z—ax—z(dzn) (B.1)

In this equation v corresponds to the infinitesimal mean and o® to the infinitesimal variance of the stochastic x-
movement. The i-state x itself follows a so-called diffusion process with drift v and infinitesimal variance o?.

One possible way to derive expressions for v and ¢® is to start from a so-called stochastic differential equation for
the i-state:

dx
o = u(x,t) + o(x,t)w(t), (B.2)

where w denotes an external stationary noise process with zero mean and

T
7]_.3,11010 T! var(of w(t)d) = 1.

ExaMPLE B.1: Stochastic cell growth. Let x denote cell weight and let

d
-jti = za(x)—b(x),

with z the nutrient concentration. Let z fluctuate around some mean value y and let
T
& = lim T7! var(f 2(t)dt) ,
Tow S

then we can write

dx

2 = ba@)—be)] + [ea(x)lw .

The next step is to assume that w shows negligible memory, or, in other words, that w approximates a so-called white
noise. Then the p-equation becomes (Arnold, 1974; Karlin & Taylor, 1981; Wong & Hajek, 1985).

3 | 20n 190 1@

én _ _ 3 13 - -8 L3 i
Bt ax (wn) + 5 [02 8x] dx (=3 ax 3 ax? @n) (B3)

ot 0x

REMARKS B.2: (i) From (B.3) it appears that the noise also makes itself felt in the deterministic drift. However, this is
partly a matter of convention. Clearly we cannot get away with the fact that the noise influences the infinitesimal
mean. But we could have set

R - 13 a8
S§un = P (un) and &yn ™ (® %

instead of the arrangement suggested by (B.1). The term drift has a less strict connotion than infinitesimal mean.
Therefore it might be possible to make some case to call  from (B.3) the drift instead of v from (B.1). Only when o
is independent of x, and in particular when o = 0 (so that 8,n = 0 in either formalism), do we have coincidence of
the two formalisms.

(i) The assumption that x qualifies as i-state implies that the x-process is not allowed to show any memory other than
that inherent in the present value of x itself. (This also was the reason that w should be white noise.) A direct conse-
quence is that it is impossible for the x-process to be differentiable as long as 0?(x)>0. Therefore diffusion processes
should at best be considered as approximations of considerably more complicated processes in which we leave out of
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the consideration all additional short memory components.

(iii) A direct consequence of the non-differentiability of the x-process is that for w a white noise (B.2) cannot have its
ordinary meaning. We have interpreted (B.2) here in the sense of Stratonovich (Arnold, 1974; Karlin & Taylor, 1981;
Wong & Hajek, 1985). The reason is that we interpreted white noise as an approximation to a noise with a definite,
even if short, memory. Only for the Stratonovich interpretation the map from w-process to x-process is continuous for
w going to a white noise. The Ito interpretation which is more commonly adhered to by mathematicians on account of
its other good properties, fails in this respect.

(iv) In general a simple differential equation like (B.2) will itself be an approximation, based on a time scale argument,
of a much more complicated underlying process. In writing down (B.2) we therefore implicitly assumed that the fast
time scales of that underlying process were much faster than the time scale of the fluctuations of w. This may be
tricky when the noise fluctuations are fairly fast as well, as we assumed later in our argument. If the time scales of the
noise and of the fast processes underlying the x process are of the same order of magnitude, we are forced to get the
infinitesimal mean and variance of the limiting diffusion by a direct calculation, instead of by the two step strategy of
first writing down (B.2) and then referring to the well-documented formula (B.3).

The k-dimensional analog of (B.1) reads

on [ 1 3
9 - = Ly, — U, B.
o 8n + 8yn z o (win) + 3 % 3%, (cyn) (B.4)

where C = [¢y];;=1,.« denotes the, necessarily positive semi-definite, matrix of infinitesimal (co)variances. And the
k-dimensional analog of (B.3) is
on

=V, ¢=w-3CVn (B.5)

with
1 3
T e k)
2 s axj if
¢ again allows the interpretation of flux vector, just as in (3.1.8).

REMARK B.3: (B.4) and (B.5) show that our facile argument preceding (3.1.1) is considerably more tricky then it might
seem. It certainly is possible to calculate the local mass change as the sum of the mass changes due to the fluxes in
the direction of the various i-state variables. These fluxes themselves may be coupled, however, as is apparent from
the occurrence of infinitesimal covariances.

In general (B.4) has to be complemented with side conditions. We shall only consider the nonsingular case and
assume that detC is bounded away from zero and that v is bounded. We shall again denote as 3_Q that part of the
boundary transgression of which is known from biological considerations to lead to immediate local loss. (Due to our
assumption of nonsingularity there is no possibility of individuals being pushed over some part of the boundary as a
consequence of the processes in the interior of @ as in the, singular, deterministic case.) The boundary condition
expressing such loss can be shown to be

n(x) =0 forxed_Q. (B.6)

The local rate of mass loss can be calculated in the usual manner from the flux vector ¢. In the same manner we shall
again denote that part of the boundary where we know from biological considerations that there is influx of p-mass as
9+ Q. Balancing the arrival rate b, per unit of surface area with the local flux then gives

Wx)P(x) = by(x) forxed, Q. (B.7)
Finally we shall denote as 9, that part of the boundary on which we know that there is neither mass loss nor any
influx, implying that

nx)yp(x) =0 for x€dyQ. (B.8)

ReMARK B.4: (B.4) allows a lot more room for singularities than only the case of a deterministic mass flow. A com-

plete classification for the one-dimensional case may be found e.g. in Karlin & Taylor (1981) or Goel & Richter-Dyn
(1979).

Continuous stochastic i-state movements have the property that they immediately smooth away any delta-functions
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present in the initial data. This also applies to delta-function valued source and sink terms. We only give the formu-
lae for the one-dimensional case.

A sink term of the form — B8(x —a)n(x) gives rise to the transition condition
n(@+) = n(a—=), ¢a—-)—¢a+) = pn(a), (B.9)
and a source term of the form ¢8(x —a) to
n@+)=n(@a-), Ha+)-¢a—)=c. (B.10)
(For mathematicians: In this case it is fairly easy to give a distributional interpretation to a p-equation containing a

delta-function valued sink term. Such in contrast to the case 8,1 = 0.)

ExampLe B.5: Deterministic binary fission combined with stochastic individual growth. The p-equation for this example
is (remember x; was the value of x at which the cells divided and crossing xo resulted in death)

o _ 3 18
W T TRt pa @
n(xy) = n(xp) =0 (B.11)

n(Gx+) = (=) Fx+)=dFx =) = 26(x; —)
with

13
¢ = vn——z'—a;—(ozn)

C. The p-equations for the examples from section 1

The invertebrate functional response

The p-equations for this example have already been given as (4.1.5). If there is a maximum gut capacity $<s,,
then Q has to be truncated at 5 and (4.1.5d) has to be replaced by

o) = [ /i@, (6.1.50)
0

where

Size dependent reproduction in ectothermic animals

The p-equation for this example has already been given as (4.3.2). In laboratory experiments where we feed with
food that does not reproduce we may set

dx _ g2
- TR €D
with
p= flz(a)n(a)da. (C2)
0

A time scale argument based on the assumption that ,8,»>>>1 then gives

o BmBvep + V(b= B—vip) +dafit
26¢ ‘

(C.3)

Reproduction by binary fission
The p--equation for this example is

on _ _on _ Vn _
oS e Tk (v + b)n (C4
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n(0,x) = 4 [ b(a,2x)n(a,2x)da

If division occurs as soon as the size passes a stochastic threshold having a density g, a survivor function
o
8, §(x) = f g(6)dé, and a hazard rate v, y = g /6, determined at birth, except that a cell needs to have passed the

x
minimal age a, before it can divide, then the p-equation becomes

dn _ _on _ 3n _
B oa ax (e + Vo
n(ag+,x) = §(x)n(ap—,x) (C.5)

n(0,x) = 4(1~8xn(ag—,x) + [ V(2x)y(2x)n(a,2x)da]

G

Colony size distribution in the diatom Asterionella

If we assume that bonds break exactly at age A the p-equations become

Bnk 3
2 ‘Ea"‘ —d(a)ny + 2n ey @, d), k=12,
ano _ ano
o - a d(ao)no
n(0,a3,...a) = d@)m - i(@z-a), k =23, (C.6)

n1(0) = [ d(ao)no(acdag
A

no(d) = 2n1(4)
for 0<<a; <..<g; <A <ag, and n; the bond-age density of colonies of size 2,
If bond breakage follows the rule from exercise (3.2.5), the p-equations are

An, on
- =" 2 3a @ — blaom
© ) 0 ™
+ 3 Y7 [ blar)—b@)ny(ar,a)daj.dag v, k=12, -
j=k+1 4 4
aﬂo 8 Y
arvaldi -aa— ~ dagymo + 3, 2 f f b(ao)n;(a0,a2,..,a;)day..da; (€7

Jj=1 a 8-y

nk(O,az,..ak) = d(az) nk_l(az,.‘,ak), k = 2,3, A
n10) = [ d(ag)no(ag)dag

0
no0) = 0.

The case of independently breaking bonds has already been treated in example 5.4.2.

The PPP-problem
Figure C.1 depicts Q. The upper right hand boundary of & is given by
)
2ix-n+Lo-m=r €

The p-equations are

ano
o - ot B (C92)
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Fig. C.1. The i-state space of the PPP-problem

ony, _ Odaxny
Tar . ox nom (C.9b)
dny _ ex—By)n, dyyn,

a ax PN (€9¢)
an (1) = ¢Pny (C.94d)
yna(x, 1) = n(x)Qn(x) (C.%)

The production rate of empty patches may be taken to be a function of the p-state as a whole. The simplest possibil-
ity is to set B = f(ng). P and Q have to be calculated from equations for the “air plancton”. These have been dis-
cussed in example 6.2.9. The quantities R and S appearing there, corresponding to the production rates of “free” prey
and predators respectively, can be calculated as

Xm

R = mx,) + [ —”-‘Bl x? ny (x,% <% ro + 1=x)+1)dx (C.10)
1
Ym X
S = [ oyny(ly)dy + j x(l (- r0+1—x)+1)n2(x,l( Lo+ 1—x)+ 1)dx
1 1
If ro is not a fixed number but a random variable with hazard rate « (ie. «(r) = —dlogH(r) /dr where
H(r) = P({ro=>r})) then (C.9b) and (C.9c) have to be replaced by
on; _ Qdaxn, B _s 3 1 C.9b
= T~ m0m —bxe((x = ny (C9)
ony _ ex—By)ny dyyn, 8 B
= o E Bxx(a((x 1) + Y(y )n, (C9¢c)
and (C.10) by

@

R = ]j Sxx(-g (x = Wny(x)dx + lf l/ szlc(—z-((x -+ Jﬁ—(y—l)))nz(x,y)dxdy

m ©
S = [ ayny(ly)dy + [ fb‘xyrc(%((x—l) + ‘g(y—l)))nz(x,y)dxdy (C.10)
1 i

Deterministic binary fission combined with stochastic individual growth

The p-equations for this example were already derived in example B.5, formula (B.11).



